Higher-order spin effects in the amplitude and phase of gravitational
  waveforms emitted by inspiraling compact binaries: Ready-to-use gravitational
  waveforms by Arun, K. G. et al.
ar
X
iv
:0
81
0.
53
36
v3
  [
gr
-q
c] 
 20
 Ju
l 2
01
1
Higher-order spin effects in the amplitude and phase of gravitational waveforms
emitted by inspiraling compact binaries: Ready-to-use gravitational waveforms
K. G. Arun,1, 2, ∗ Alessandra Buonanno,3, † Guillaume Faye,1, ‡ and Evan Ochsner3, §
1Institut d’Astrophysique de Paris, UMR 7095-CNRS,
Universite´ Pierre et Marie Curie, 98bis boulevard Arago, 75014 Paris, France
2LAL, Universite´ Paris-Sud, IN2P3/CNRS, Orsay, France
3Maryland Center for Fundamental Physics, Department of Physics,
University of Maryland, College Park, MD 20742, USA
We provide ready-to-use time-domain gravitational waveforms for spinning compact binaries with
precession effects through 1.5PN order in amplitude and compute their mode decomposition using
spin-weighted −2 spherical harmonics. In the presence of precession, the gravitational-wave modes
(ℓ,m) contain harmonics originating from combinations of the orbital frequency and precession
frequencies. We find that the gravitational radiation from binary systems with large mass asymmetry
and large inclination angle can be distributed among several modes. For example, during the last
stages of inspiral, for some maximally spinning configurations, the amplitude of the (2, 0) and (2, 1)
modes can be comparable to the amplitude of the (2, 2) mode. If the mass ratio is not too extreme,
the ℓ = 3 and ℓ = 4 modes are generally one or two orders of magnitude smaller than the ℓ = 2
modes. Restricting ourselves to spinning, non-precessing compact binaries, we apply the stationary-
phase approximation and derive the frequency-domain gravitational waveforms including spin-orbit
and spin(1)-spin(2) effects through 1.5PN and 2PN order respectively in amplitude, and 2.5PN
order in phase. Since spin effects in the amplitude through 2PN order affect only the first and
second harmonics of the orbital phase, they do not extend the mass reach of gravitational-wave
detectors. However, they can interfere with other harmonics and lower or raise the signal-to-noise
ratio depending on the spin orientation. These ready-to-use waveforms could be employed in the
data-analysis of the spinning, inspiraling binaries as well as in comparison studies at the interface
between analytical and numerical relativity.
I. INTRODUCTION
Coalescing compact binaries made of neutron stars (NS) and/or black holes (BH) can produce gravitational waves
(GW) strong enough to be detected by ground-based interferometers, such as LIGO [1], Virgo [2] and GEO [3], oper-
ating in the frequency range 10–104 Hz. Moreover, supermassive BH binaries could be observed at lower frequencies
10−5–10−1 Hz and up to cosmological distances by the proposed laser space-based antenna LISA [4]. For detection
purposes, matched filtering is applied to noisy data in order to extract any signals that match members of the template
bank [5–7].
Gravitational waves produced during the long inspiral phase can accurately be modeled by the post-Newtonian
(PN) approximation to general relativity [8]. As the BHs approach each other and their velocities increase, the PN
expansion is expected to become less and less reliable. Late in the evolution, non-perturbative information contained
in numerical-relativity (NR) simulations and PN-resummed methods [9], as well as perturbation theory need to be
taken into account in building analytical templates for inspiral, merger, and ringdown. In this paper, we shall limit
the discussion to the inspiral phase of coalescing BHs.
In constructing templates for detecting inspiraling signals, it is recommended to account for all physical effects
which contribute significantly to the gravitational waveform. Those produced by the spins of the binary constituents
are among the most important ones, especially for asymmetric compact binaries [10], such as NS-BH binaries [11], and
BH-BH binaries with component masses (m1,m2) ∈ [5, 15]M⊙ × [1, 5]M⊙. For detecting such systems, one may be
able to employ phenomenological methods which capture the essential features of spinning, precessing waveforms [12].
However, parameter extraction [13–15] would warrant the inclusion of as much information about the spins of the
binaries as possible, so that one should employ physical templates [16–18] at the highest PN order for this purpose.
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2For non-spinning compact binaries, the GW phase evolution has been computed through 3.5PN order [19–23] and
the h+ and h× polarizations are available through 3PN order [24–28]. For spinning, precessing binaries, the GW phase
evolution is known through 2.5PN order [29, 30] for spin-orbit couplings, and through 2PN order [31] for spin-spin
couplings (spin(1)-spin(1) and spin(2)-spin(2) contributions have been obtained in Refs. [32, 33]). Spin-orbit and
spin(1)-spin(2) effects in the h+ and h× polarizations were computed through 1.5PN and 2PN order, respectively, in
Refs. [34, 35]. 1 More recently, the spin(1)-spin(2) contributions at 3PN order in the conservative two-body dynamics
were found employing either effective-field theory techniques [37–40] or the Hamiltonian formalism of Arnowitt,
Deser and Misner [41–43]. Now, spin(1)-spin(1) and spin(2)-spin(2) effects at 3PN order in the conservative two-
body dynamics are also available [44]. For including those higher-order spin effects in the GW phase evolution and
polarizations, the results [39–41, 43, 44] need to be extended to the non-conservative dynamics, notably to the GW
energy flux.
The importance of using templates that have amplitude corrections beyond the leading PN order (henceforth
referred to as Newtonian approximation2) was emphasized by different authors in the context of ground-based [45–
48] and space-based detectors [49–55], both for detection and parameter estimation. So far, the effect of spins and
precession on parameter estimation was studied in Refs. [15, 56–58], but those studies were limited to non-spinning
and Newtonian GW polarizations [24–26].
In this paper we provide ready-to-use h+ and h× polarizations in time domain for spinning, precessing binaries
through 1.5PN order. The actual computation of the gravitational waveform hij through 1.5PN order was done by
Kidder [34], as well as Will and Wiseman [35], but the ready-to-use h+ and h× polarizations at 1.5PN order were
only written explicitly for strictly circular orbits for which spins are aligned with the orbital angular momentum.
Recently, Ref. [59] has obtained the time-domain GW polarizations for generic orbits through 1.5PN order in the
binary’s comoving frame. The h+ and h× polarizations derived in the present paper for spinning, precessing binaries
through 1.5PN order reduces to that of Refs. [34, 35] in the aligned case except for a few typographical errors which
we correct.
In view of future studies at the interface between analytical and numerical relativity [60–71] we decompose the time-
domain h+ and h× polarizations in spin-weighted −2 spherical harmonics and compute the modes, hℓm, to 1.5PN
order. We then consider spinning, non-precessing binaries for which we derive the Fourier domain representation of
the generated gravitational waveform within the stationary phase approximation (SPA). We provide a very compact
way of writing the Fourier transforms of h+ and h× which can readily be used for data analysis, for comparisons
with numerical simulations, or for building analytical frequency-domain templates including inspiral, merger and
ringdown [72, 73]. The impact of spinning, precessing waveforms for parameter estimation will be investigated in a
future paper.
The remainder of the paper is organized in the following way. In Sec. II we draw the source and detector frames,
and introduce conventions and notations. In Sec. III we provide ready-to-use h+ and h× polarizations in time domain
for nearly circular orbits. The polarization modes hℓm with respect to the spin-weighted −2 spherical harmonics are
derived in Sec. IV. The features of the modes when spins are present is then discussed in Sec. V. Section VI focuses
on spinning, non-precessing binaries. We compute there the Fourier domain waveforms with spin effects through 2PN
order in the amplitude and 2.5PN order in the phase before discussing the main features caused by higher harmonics.
Finally, we summarize in Sec. VII our main conclusions. Appendices A and B present the GW polarizations and
modes for precessing binaries on nearly circular orbits through 1.5PN order for generic inclination angles, whereas
Appendix C shows the PN coefficients of the center-of-mass energy and radiative energy flux for non-precessing,
spinning binaries. Appendix D gives explicitly the frequency domain amplitude coefficients with non-spin terms to
2.5PN and spin terms to 2PN order.
II. SOURCE FRAME, POLARIZATION AND PARAMETER CONVENTIONS
To obtain the GW polarizations, it is useful to express the gravitational strain tensor, hij , in an appropriate source
frame. Next, one specifies an orthonormal polarization triad composed of the direction of propagation Nˆ and two
1 Note that spin-orbit effects through 2PN order in the h+ and h× polarizations were calculated in Ref. [36]. However, Ref. [30] pointed
out that a few multipole moments were computed incorrectly there.
2 Note that the leading PN order in the polarization amplitude is proportional to 1/c4 when one turns the fundamental constants on.
However, being the leading term in a PN expansion, it is has become common to call it Newtonian.
3polarization vectors Pˆ and Qˆ which are used to construct the GW polarizations from the strain tensor [74]:
h+ =
1
2
(Pˆ i Pˆ j − Qˆi Qˆj)hij , (2.1)
h× =
1
2
(Pˆ i Qˆj + Qˆi Pˆ j)hij . (2.2)
The gravitational strain measured by a detector is then given by
hstrain(t) = F+ h+(t) + F× h×(t) , (2.3)
where F+ and F× are the antenna response functions that describe the detector’s sensitivity to the two different
polarizations. For laser interferometers with arms at a right angle, such as the LIGO and Virgo detectors, the
antenna response functions for a GW coming from the sky location (θ¯, φ¯) in the spherical coordinate grid built from
the arm basis, with polarization angle ψ¯, are [74]
F+ =
1
2
(1 + cos2 θ¯) cos 2φ¯ cos 2ψ¯ − cos θ¯ sin 2φ¯ sin 2ψ¯ , (2.4)
F× =
1
2
(1 + cos2 θ¯) cos 2φ¯ sin 2ψ¯ + cos θ¯ sin 2φ¯ cos 2ψ¯ . (2.5)
Note that the strain measured in a given instrument, hstrain(t), is the same regardless of convention, whereas the wave
polarizations depend on the choice of polarization vectors. Different choices of Pˆ and Qˆ give different polarizations,
but there is a compensating rotation of the polarization angle ψ¯ so that hstrain(t) is unchanged
3. Here, we follow
the convention of Refs. [25, 35], in which
Pˆ =
Nˆ× J0
|Nˆ× J0|
, Qˆ = Nˆ× Pˆ , (2.6)
where J0 is the unit vector along the initial total angular momentum of the binary. In the absence of precession,
the Newtonian orbital angular momentum LN = µr × v (with r, v, and µ being the binary separation vector,
velocity, and reduced mass, respectively) is parallel to J0. In this case, Pˆ coincides with the ascending node where
the orbital separation vector crosses the plane of the sky from below. In the presence of precession, Pˆ is still defined
as Nˆ× J0/|Nˆ× J0|, but it is not in general the point where the orbital separation vector ascends through the plane
of the sky. 4
For our source frame, we construct an adapted orthonormal basis (xˆ, yˆ, zˆ) (see Fig. 1). We take the z-axis to be
along J0 and the direction of GW propagation, Nˆ, to lie in the x–z plane, tilted by an angle θ from the z-axis towards
the x-axis. We describe the direction of the Newtonian orbital angular momentum with the spherical coordinate
angles (ι, α), where ι denotes the angle between the orbital angular momentum and the z-axis while α is the angle
between the x-axis and the projection of the orbital angular momentum onto the x–y plane. For precessing binaries,
as these angles vary in time, one must solve the precession equations to find their evolution. Notice that this source
frame is the same as used in Ref. [34], and depicted in Fig. 2 of that paper.
We also find it useful to define basis vectors for the instantaneous orbital plane. These vectors have an implicit
time dependence through the angles (ι, α), and rotate about LˆN as it precesses. Here are their components in the
(xˆ, yˆ, zˆ) source basis:
xˆL =
J0 × LˆN
|J0 × LˆN|
= (− sinα , cosα , 0 ) , (2.7)
yˆL = LˆN × xˆL = (− cos ι cosα ,− cos ι sinα , sin ι ) . (2.8)
3 This can be seen explicitly from the relation linking hstrain(t) to the complex polarization h(t) introduced in Eq. (4.1): hstrain =
ℜ
[
h e2iΨ¯(e2iφ¯ cos4(θ¯/2) + e−2iφ¯ sin4(θ¯/2))
]
. The reader can easily check the equivalence with Eqs. (2.3), (2.4) and (2.5).
4 Note that Ref. [34] chooses polarization vectors rotated by pi/2 relative to ours. This results in an overall sign difference from our
polarizations, as can be seen by making the substitutions Pˆ→ Qˆ and Qˆ→ −Pˆ, or by noting that GWs are spin-2 objects and flip sign
under a pi/2 rotation. As mentioned, the polarization angle of this convention is then rotated by pi/2 relative to ours. This flips the sign
of the antenna response functions as well, and so the same strain (2.3) is measured by either convention.
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FIG. 1: We show (i) our source frame defined by the orthonormal basis (xˆ, yˆ, zˆ), (ii) the instantaneous orbital plane which
is described by the orthonormal basis (xˆL, yˆL, LˆN), (iii) the polarization triad (Nˆ, Pˆ, Qˆ), and (iv) the direction of the total
angular momentum at initial time J0. Dashed lines show projections into the x–y plane.
As an initial condition, we take the orbital separation vector nˆ to lie along xˆL at initial time, i.e., nˆ(t = 0) = xˆL(t = 0).
Then, we define the phase Φ(t) to be the cumulative angle between xˆL(t) and nˆ(t).
nˆ(t) = xˆL(t) cosΦ(t) + yˆL(t) sinΦ(t) , (2.9)
λˆ(t) = −xˆL(t) sinΦ(t) + yˆL(t) cosΦ(t) . (2.10)
We thus see that the phase Φ(t) measures how nˆ has rotated relative to the vector xˆL. However, for a precessing
binary, xˆL is itself rotating about LˆN. This means that the total rotation of nˆ about LˆN can be decomposed as a
rotation of nˆ in the comoving basis parametrized by Φ(t) times a rotation parametrized by a precession phase due to
the movement of the orbital plane itself. In the non-precessing case we have J0 || LˆN and Φ(t) is expected to become
the standard orbital phase whose time derivative is the orbital frequency. However, when J0 || LˆN holds, we cannot
define Φ = 0 for nˆ = J0 × LˆN/|J0 × LˆN|, and we set Φ = 0 at the ascending node Nˆ × LˆN = Pˆ, where the orbital
separation crosses the plane of the sky from below. Now, Φ = 0 at the ascending node is achieved for xˆL = nˆ and
Pˆ = nˆ, hence α = π, so that the non-precessing regime is reached in the limit where ι = 0 and α = π for all time.
This is applicable when the spins of the bodies are aligned or anti-aligned with the orbital angular momentum (or in
the non-spinning limit). The waveforms are then greatly simplified.
We define the following mass parameters
M = m1 +m2 , (2.11)
ν =
m1m2
(m1 +m2)2
, (2.12)
M = M ν3/5 , (2.13)
δ =
m1 −m2
m1 +m2
, (2.14)
ν =
1
4
(1 − δ2). (2.15)
They are the total mass M , the symmetric mass ratio ν, the fractional mass difference δ, the chirp mass M. The
symmetric mass ratio is bounded according to 0 < ν ≤ 1/4 and the fractional mass difference satisfies −1 < δ < 1.
The spin of a rotating compact body is of the order S ∼ ml vspin with l ∼ Gm/c2. If the compact body is maximally
rotating, then vspin ∼ c and S ∼ χGm2/c. In words, from the PN point of view, the spin is formally of order 0.5PN.
By contrast, if the compact body is slowly rotating, then vspin ≪ c, and the spin is formally of higher PN order,
5S ∼ χGm2 vspin/c2 ∼ 1/c2. Throughout the paper, we use geometrical units where G = c = 1. Henceforth, we shall
work with the spin vectors normalized by the component masses as
χn =
Sn
m2n
, n = 1, 2 , (2.16)
so that |χn| ≤ 1 for objects that obey the Kerr bound on rotational angular momentum. We also define symmetric
and anti-symmetric spin combinations as in Ref. [35],
χs =
1
2
(χ1 + χ2) , (2.17)
χa =
1
2
(χ1 − χ2) . (2.18)
III. READY-TO-USE GRAVITATIONAL-WAVE POLARIZATIONS FOR PRECESSING BINARIES ON
CIRCULAR ORBITS THROUGH 1.5PN ORDER: SMALL INCLINATION ANGLES
The expression of the strain tensor hij for generic orbits through 1.5PN order was derived in Refs. [19, 35] and is
given by Eq. (6.11) of Ref. [35]. In this section we compute ready-to-use polarizations in time domain through 1.5PN
order within the adiabatic regime where the binary inspiral is modeled as a quasi-stationary sequence of orbits assumed
to be nearly circular. By nearly circular, we essentially mean an orbit that would be exactly circular, with separation
vector r0 of constant radius r0, in the absence of spins and gravitational radiation. The perturbation of the separation
δr of such a motion is assumed to remain small with respect to r0 on timescales on which the radiation-reaction effects
can be neglected. This can only happen when the precession angles are at most of the same order of magnitude as
the relative corrections induced by the spins in the dynamical quantities. Now, the evolution of δr is governed by the
radial part of the 1.5PN perturbation of the force per mass unit given in Eq. (2.1) of Ref. [34]. It turns out that this
perturbation depends on the spin exclusively through the two projections (Sn · LˆN) with n = 1, 2 which are almost
constant apart from remainders that will contribute at higher orders in our weak precession hypothesis. In order to
write the equation for δr, we project the relative acceleration a in the basis {nˆ, λˆ, LˆN}. For the sake of convenience,
we introduce an “orbital”-like frequency ωorb, defined as ωorb = (v · λˆ)/r. The closure relation yields the following
decomposition for v and a:
v = r˙nˆ+ ωorbrλˆ ,
a = (r¨ − rω2orb)nˆ+ (rω˙orb + 2r˙ωorb)λˆ− rωorb
(
λˆ · dLˆN
dt
)
LˆN , (3.1)
with r˙ ≡ dr/dt. Splitting a into an unperturbed part a0 plus a perturbation δa and using the equations of motion,
we find finally that δr satisfies the equation δr¨ + ω20δr = const. where ω0 is the constant angular frequency of the
background motion. A particular solution is given by a constant perturbation, δr = const., whereas the homogeneous
solution satisfies an harmonic oscillator equation independent of the spin.
By making the particular choice of a zero homogeneous solution, we can always eliminate the oscillations of r
that are not directly linked to the non-zero spins of the BHs. Based on these observations, we shall define precisely
a nearly circular motion to be a perturbed circular motion whose homogeneous radial perturbation solution (δr)hom
is zero, as it would be for an exactly circular motion.5 Assuming such a dynamics for our binary system implies
that both δr and r = r0 + δr must be constant, provided we neglect higher order spin terms and radiative effects.
We can generalize nearly circular motions to the case where spin precession angles are arbitrary in the absence of
spin-spin interactions. This is achieved by introducing the concept of spherical motion defined as a motion having a
constant separation r. It immediately follows from Eq. (3.1) that the full (conservative) acceleration is still of the form
−ω2orbrn. Moreover, when radiation-reaction effects are neglected, the orbital frequency computed from the 1.5PN
equations of motion keeps being almost constant [31, 34], even for precession angles that are no longer small. This
can be seen [29] by noticing that the only possible non-constant terms in ωorb at the 1.5PN order come from the
leading spin contribution of the equations of motion, and thus, are of the form (Sn · LˆN). Their time derivative reads
5 Though this type of motion can exist and is more general than the spin-aligned or anti-aligned case, it does not necessarily represent
yet the most likely evolution to be observed.
6(dLˆN/dt·Sn)+(LˆN ·dSn/dt). The first term is zero due to the precession equation dSn/dt = Ωn×Sn, while the second
term is a higher order correction quadratic in spins because of the approximate conservation of LˆN . The treatment
of the spin-spin dynamics is more delicate. A possible way to proceed consists in averaging the time dependent spin
contributions in ωorb over one orbital period [34, 75].
Introducing the invariant velocity,
v ≡ (Mωorb)1/3 , (3.2)
we reduce Eq. (6.11) of Ref. [35] to nearly circular orbits and expand it in powers of v with the help of the relativistic
extension of Kepler’s law linking ωorb and M/r provided by Eq. (7.1) of Ref. [35]. Schematically, we obtain
hij =
2M ν v2
DL
[
Qij + P
1/2Qij v +
(
P1Qij + P
1QSOij
)
v2 +
(
P3/2Qij + P
3/2Qtailij + P
3/2QSOij
)
v3
]
TT
, (3.3)
where SO indicates the spin-orbit terms; the tail integral P3/2Qtailij given by Eq. (6.11e) of Ref. [35] reads
P3/2Qtailij = 4
[
π(λˆiλˆj − nˆinˆj) + 12 ln
(
v
v0
)
λˆ(inˆj)
]
TT
, (3.4)
v0 being an arbitrary numerical constant reflecting the freedom in the choice of the radiative time origin. The symbol
TT on the square bracket indicates the transverse trace-free projection in the plane orthogonal to the direction Nˆ
of the observer. We remind the reader that the non-spinning contributions to Eq. (3.3) are known through 3PN
order [27, 28].
Apart from the spins, there are four vectors that appear in the expressions for the PnQij ’s in Eq. (3.3). In the
source frame constructed in Sec. III, they have the following (x, y, z) components
nˆ = (− sinα cosΦ− cos ι cosα sinΦ , cosα cosΦ− cos ι sinα sinΦ , sin ι sinΦ) , (3.5)
λˆ = (sinα sinΦ− cos ι cosα cosΦ , − cosα sinΦ− cos ι sinα cosΦ , sin ι cosΦ) , (3.6)
Nˆ = (sin θ , 0 , cos θ) , (3.7)
LˆN = (sin ι cosα , sin ι sinα , cos ι) , (3.8)
where Φ is the phase defined in Eq. (2.9) that measures how nˆ has rotated relative to the vector xˆL. As xˆL is itself
rotating about LˆN for a precessing binary, the orbital frequency, or the total angular velocity of nˆ about LˆN, is the
angular velocity of the motion of the binary within its instantaneous orbital plane, plus a precession velocity due to
the movement of the orbital plane itself. To derive the relationship between the phase Φ(t) and the orbital phase (or
carrier phase), we compute the derivative of nˆ(t) by means of Eqs. (2.7), (2.9), obtaining
dnˆ
dt
=
(
dΦ
dt
+ cos ι
dα
dt
)
λˆ+
(
dι
dt
sinΦ− sin ι cosΦ dα
dt
)
LˆN . (3.9)
By imposing LˆN = nˆ× v/|nˆ× v| = nˆ× dnˆ/dt/|nˆ× dnˆ/dt|, and using Eq. (3.5) as well as Eq. (3.8), we find that the
term proportional to LˆN in Eq. (3.9) must be zero. Thus, we have dnˆ/dt = r˙r/r
2 + r˙/r ≡ (v · λˆ)λˆ, where v · λˆ is the
orbital frequency ωorb defined before Eq. (3.1), which may be now interpreted as the angular velocity with which nˆ
rotates about LˆN. Identification with Eq. (3.9) leads to the relation
ωorb = Φ˙ + cos ι α˙ ; (3.10)
the phase Φ(t) being simply the integral
Φ(t) =
∫ t
0
[ωorb(t
′)− cos ι(t′) α˙(t′)] dt′ . (3.11)
Due to the freedom in the choice of the time origin by the radiative observer, hij depends on an undetermined time
scale or, equivalently, on an arbitrary reference orbital frequency ω0. The constant ω0 is actually associated to the
7presence of gravitational-wave tails and appears solely in logarithms of the form ln(ωorb/ω0). Such contributions may
be absorbed in the orbital phase by a redefinition of Φ into a shifted phase Ψ [24]. Through 1.5PN order in the shift,
we can pose Ψ = Φ− 2v3 ln(ωorb/ω0). By plugging Eqs. (3.5)–(3.8) into Eq. (3.3), taking the combinations given in
Eq. (2.1), and collecting terms by powers in v, we obtain the waveform polarizations
h+,× =
2M ν v2
DL
[
H
(0)
+,× +H
(1/2)
+,× +H
(1/2,SO)
+,× +H
(1)
+,× +H
(1,SO)
+,× +H
(3/2)
+,× +H
(3/2,SO)
+,×
]
. (3.12)
The Newtonian, 0.5PN and 1PN order terms were already computed explicitly in Refs. [34, 35] [see in particular Eqs.
(B2), (B3) of Ref. [34]], but as a series expansion of M/r rather than v. Let us list for the reader convenience a few
typographical errors we found there. In Eq. (4.9d) of Ref. [34], the factor of (1/6)(149− 6ν) has to be replaced with
(1/6)(149 − 36ν); in Eq. (B2c) Q+ must be changed to −Q+; in Eq. (B3c) the right parenthesis is missing in the
expression (cos2 i sin2 α + cos2 α); at last, in Eq. (B3j) c d should be read as −c d. In Ref. [35], Eq. (F14b) must be
multiplied by 3ν; in Eq. (F20) −3ν has to be replaced with +3ν; there should be an overall minus sign in front of Eq.
(F25c). If we re-expand Kidder’s polarizations in v, and correct all the previous typos, we obtain complete agreement
with both results through 1PN order.6
The lengthy expression for the GW polarizations can be reduced to a much more compact form by noticing (see
also Sec. IVD in Ref. [34]) that in the limit S ≪ L the angle ι can be considered a 0.5PN order correction. This can
be seen from
sin ι =
|J0 × L|
J0 L
, (3.13)
if we neglect radiation reaction effects, i.e., we assume J0 = J, and use J = L + S1 + S2 and Sn = O(1/c). We may
then replace sin ι and cos ι in h+,× with their Taylor series expansions in ι,
sin ι = ι− ι
3
6
+O(ι5) , (3.14)
cos ι = 1− ι
2
2
+O(ι4) . (3.15)
However, the assumption S ≪ L becomes less and less reliable for smaller mass ratio binaries. In fact, as a first
approximation, we have Sn/L = (mn/M)
2 χn v/ν with v = (GMωorb/c
3)1/3. Thus, even if Sn ∼ O(1/c), L can
become comparable to Sn when ν is sufficiently small. Moreover, we have assumed J0 = J in Eq. (3.13), but the
latter is not exact when radiation reaction is included, and it can be strongly violated in presence of transitional
precession [76]. For these reasons, though we have decided to list in this section the GW polarizations expanded in
ι, we display in Appendix A the full expressions for generic inclination angles. For the ι-expanded polarizations, we
find
H
(0)
+ = −
(
cθ
2 + 1
)
cos 2(α+Ψ) , (3.16a)
H
(1/2)
+ = v δ sθ
[(
cθ
2
8
+
5
8
)
cos(α+Ψ)− 9
8
(
cθ
2 + 1
)
cos 3(α+Ψ)
]
, (3.16b)
H
(1)
+ = v
2
[(
− cθ
4
3
+
3cθ
2
2
+
19
6
+
(
cθ
4 +
11cθ
2
6
− 19
6
)
ν
)
cos 2(α+Ψ)
+
4
3
(
1− cθ4
)(
3ν − 1
)
cos 4(α+Ψ)
]
, (3.16c)
H
(3/2)
+ = v
3
[
δ sθ
(
cθ
4
192
− 5cθ
2
16
− 19
64
+
(
− cθ
4
96
− cθ
2
8
+
49
96
)
ν
)
cos(α+Ψ)− 2π(cθ2 + 1) cos 2(α+Ψ)
6 It is also worth noting that Ref. [34] sets the origin of phase to be at a point referred to as the ascending node and defined to be the
point where the orbital separation crosses the x–y plane. This is in fact the same as our phase origin, xˆL = J0 × LˆN/|J0 × LˆN|, but
to reduce the possibility of confusion, we do not call this point the ascending node. We reserve this term to mean the point where the
separation vector crosses the plane of the sky from below.
8+ δ sθ
((
− 81cθ
4
128
+
45cθ
2
16
+
657
128
)
+
(
81cθ
4
64
+
9cθ
2
8
− 225
64
)
ν
)
cos 3(α+Ψ)
+ δ sθ
625
384
(
1− cθ4
)(
2ν − 1
)
cos 5(α+Ψ)
]
, (3.16d)
H
(1/2,SO)
+ = −2ι cθsθ cos(α+ 2Ψ) , (3.16e)
H
(1,SO)
+ = v
2
[(
cθ
(
χxa + δχ
x
s
)
− sθ
(
χza + δχ
z
s
))
cos(α+Ψ)− cθ
(
χya + δχ
y
s
)
sin(α+Ψ)
]
+ v ι δ cθ
[
1
4
sθ
2 cosΨ−
(
cθ
2
8
+
5
8
)
cos(2α+ Ψ) +
(
− 9
8
+
27cθ
2
8
)
cos(2α+ 3Ψ)
]
+ ι2
[
− 3
2
sθ
2 cos 2Ψ +
1
2
(cθ
2 + 1) cos 2(α+Ψ)
]
, (3.16f)
H
(3/2,SO)
+ = v
3
[
sθ cθ
(
2δ χxa + (2− ν)χxs
)
+
(
4
3
(1 + cθ
2) δ χza +
4
3
(
(1 + cθ
2) + ν (1− 5cθ2)
)
χzs
− sθ cθ
(
2δ χxa + (2 + 7ν)χ
x
s
))
cos 2(α+Ψ)− sθ cθ
(
2δ χya + (2− ν)χys
)
sin 2(α+Ψ)
]
+ v2ι sθ
[
cθ
(
− cθ2 + 4 +
(
3cθ
2 +
2
3
)
ν
)
cos(α + 2Ψ) + cθ
(
− cθ
2
3
− 1 +
(
cθ
2 + 3
)
ν
)
cos(3α+ 2Ψ)
+ c3θ
(
16
3
− 16ν
)
cos(3α+ 4Ψ)− (χya + δχys) sinΨ
]
+ v ι2sθ δ
[(
− 3cθ
2
16
+
9
16
)
cos(α−Ψ)
−
(
11cθ
2
32
+
23
32
)
cos(α +Ψ) +
27
32
(
cθ
2 + 1
)
cos 3(α+Ψ)− 1
32
(cθ
2 + 1) cos(3α+Ψ)
+
(
− 45
32
+
135cθ
2
32
)
cos(α + 3Ψ)
]
+ ι3cθsθ
[
1
2
cos(α− 2Ψ) + 5
6
cos(α+ 2Ψ)
]
(3.16g)
H
(0)
× = −2cθ sin 2(α+Ψ) , (3.17a)
H
(1/2)
× = v δ cθsθ
[
− 9
4
sin 3(α+Ψ) +
3
4
sin(α+Ψ)
]
, (3.17b)
H
(1)
× = v
2cθ
[(
− 4cθ
2
3
+
17
3
+
(
− 13
3
+ 4cθ
2
)
ν
)
sin 2(α+Ψ) + sθ
2
(
− 8
3
+ 8ν
)
sin 4(α+Ψ)
]
, (3.17c)
H
(3/2)
× = v
3cθ
[
δ sθ
((
− 21
32
+
5cθ
2
96
)
+
(
− 5cθ
2
48
+
23
48
)
ν
)
sin(α +Ψ)− 4π sin 2(α+Ψ)
+ δ sθ
((
− 135cθ
2
64
+
603
64
)
+
(
− 171
32
+
135cθ
2
32
)
ν
)
sin 3(α+Ψ)
+ δ sθ
(
625
192
(2ν − 1) sθ2
)
sin 5(α+Ψ)
]
, (3.17d)
H
(1/2,SO)
× = −2ι sθ sin(α+ 2Ψ) , (3.17e)
H
(1,SO)
× = v
2
[
(χya + δχ
y
s) cos(α +Ψ) + cθ
(
cθ(χ
x
a + δχ
x
s )− sθ (χza + δχzs)
)
sin(α+Ψ)
]
+ ι v δ
[
sθ
2 sinΨ−
(
cθ
2
2
+
1
4
)
sin(2α+Ψ) +
(
− 9
4
+
9cθ
2
2
)
sin(2α+ 3Ψ)
]
+ ι2 cθ sin 2(α+Ψ) , (3.17f)
9H
(3/2,SO)
× = v
3
[
sθ
(
2δχya + (2− ν)χys
)(
1 + cos 2(α+Ψ)
)
+
(
8
3
cθ δ χ
z
a + cθ
(
8
3
− (4
3
+ 4c2θ)ν
)
χzs − sθ
(
2δ χxa +
(
2 + (3 + 4cθ
2)ν
)
χxs
))
sin 2(α+Ψ)
]
+ ι v2 sθ
[(
cθ (χ
x
a + δχ
x
s )− sθ(χza + δχzs)
)
sinΨ +
((
− 3cθ2 + 6
)
+
(
− 16
3
+ 9cθ
2
)
ν
)
sin(α+ 2Ψ)
+
(
−
(
cθ
2 +
1
3
)
+
(
3cθ
2 + 1
)
ν
)
sin(3α+ 2Ψ) +
((
− 8
3
+ 8cθ
2
)
+
(
− 24cθ2 + 8
)
ν
)
sin(3α+ 4Ψ)
]
+ ι2v δ cθsθ
[
3
8
sin(α −Ψ)− 17
16
sin(α+Ψ) +
27
16
sin 3(α+Ψ)− 1
16
sin(3α+Ψ) +
45
16
sin(α+ 3Ψ)
]
+ ι3
[
1
2
sθ sin(α− 2Ψ) + 5
6
sθ sin(α+ 2Ψ)
]
, (3.17g)
where sθ and cθ are shorthand notations for sin θ and cos θ respectively. In Sec. IV (see Fig. 2), we shall discuss
typical variations of the inclination angle ι depending on spin orientations and binary mass ratios. Note that whereas
the terms of H
(1,SO)
+,× linear in χn depend on the first harmonic of the orbital frequency, those of H
(3/2,SO)
+,× depend
on its zeroth and second harmonic, and so do the terms of H
(2,SS)
+,× quadratic in the spin components, although we do
not use them here. We include these 2PN SS polarization corrections when constructing frequency-domain waveforms
for binaries having their spins aligned or anti-aligned with the orbital angular momentum in Sec. VI. The harmonic
dependence of the polarization corrections produced by the spins can be understood from the explicit expression for
hij shown in Eqs. (4.9c) and (4.9d) of Ref. [34] or Eqs. (F15a)-(F15c) of Ref. [35]. The 1PN SO contributions are
proportional to the components of the orbital separation vector, nˆ, which are themselves proportional to sinΦ and
cosΦ, so that H
(1,SO)
+,× depend on the first harmonic of the orbital phase. Next, the 1.5PN SO and 2PN SS contributions
are proportional to products of the orbital separation or instantaneous velocity unit vectors, nˆ or λˆ, and to products
of sinΦ or cosΦ. These can be re-expressed in terms of sin 2Φ, cos 2Φ or constant quantities independent of Φ, so
that H
(3/2,SO)
+,× and H
(2,SS)
+,× depend on the zeroth and second harmonics of the orbital phase. Because the expressions
for hij in Refs. [34, 35] are expanded in (M/r), while we use an expansion in v = (Mωorb)
1/3, one has to convert from
one expansion to the other by using Eqs. (7.1) and (F20) of Ref. [35]. In doing so, the v-expansion gains additional
1.5PN SO and 2PN SS corrections proportional to the Newtonian order term depending on the second harmonic of
the orbital phase. The 1PN SO term is left unchanged.
Ready-to-use time-domain GW polarizations for spinning, precessing binaries through 1.5PN order in phase and
amplitude can be obtained by solving numerically the following equations: (i) The spin precession equations [29, 30]
dS1
dt
= Ω1 × S1 , (3.18a)
dS2
dt
= Ω2 × S2 , (3.18b)
where at 1.5PN order
Ω1,2 = ω
5/3
orb
(
3
4
+
ν
2
∓ 3
4
δ
)
LˆN ; (3.19)
(ii) The evolution equation for the Newtonian angular momentum
˙ˆ
LN = − v
ν
(S˙1 + S˙2) ; (3.20)
(iii) The equation for the orbital frequency
ω˙orb
ω2orb
=
96
5
ν v5
{
1−
(
743
336
+
11
4
ν
)
v2 +
[(
19
3
ν − 113
12
)
χs · LˆN − 113
12
δχa · LˆN
]
v3 + 4πv3
}
. (3.21)
Integrating ωorb yields the orbital phase Φorb(t) ≡
∫ t
0 ωorb(t
′)dt′. The GW polarizations (3.12) through 1.5PN order in
phase and amplitude are computed by solving numerically Eqs. (3.11), (3.18), (3.20), and (3.21). In order to compute
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the GW polarizations (3.12) through 1.5PN order in amplitude, but at the highest available PN order in phase, one
should replace Eqs. (3.18), (3.20) with Eq. (7.5) in Ref. [30] and Eq. (32) in Ref. [60], respectively.
IV. GRAVITATIONAL-WAVE MODES FOR PRECESSING BINARIES ON NEARLY CIRCULAR
ORBITS THROUGH 1.5PN ORDER: SMALL INCLINATION ANGLES
Due to the spin-2 nature of GWs, it is convenient to decompose the waveform components in the dyad {(P +
iQ)/
√
2, (P − iQ)/√2} with respect to an orthonormal basis of spin ±2 functions that are defined on the 2-sphere
and belong to an irreducible representation of SO(3). Most commonly, the complex polarization
h = hjk
P j − iQj√
2
P k − iQk√
2
= h+ − ih× , (4.1)
is expanded into the set of spin-weighted −2 spherical harmonics. Like the standard spherical harmonics, these
functions of the two angles of spherical coordinates are labeled by a pair of integers, say (ℓ,m), with ℓ ≥ 2 and
m ≤ |ℓ|. The spin-weighted −s spherical harmonics associated to any such pair are given by 7 [77]
−sY
ℓm(θ, φ) = (−1)s
√
2ℓ+ 1
4π
dℓsm(θ) e
imφ , (4.2)
with
dℓsm(θ) =
min(ℓ+m,ℓ−s)∑
k=max(0,m−s)
(−1)k
k!
√
(ℓ+m)!(ℓ−m)!(ℓ+ s)!(ℓ − s)!
(k −m+ s)!(ℓ +m− k)!(ℓ − k − s)!
(
cos
θ
2
)2ℓ+m−2k−s(
sin
θ
2
)2k−m+s
, (4.3)
and the orthogonality relation holds∫
dΩ−sY
ℓm(θ, φ)−sY
ℓ′m′∗(θ, φ) = δℓℓ
′
δmm
′
, (4.4)
where dΩ = sin θ dθ dφ denotes the element of solid angle and δℓℓ
′
is the Kronecker symbol. The integration is
performed over the unit sphere, so that 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π. The mode expansion of the complex polarization
(4.1) is then of the form
h(θ, φ) =
+∞∑
ℓ=2
ℓ∑
m=−ℓ
hℓm −2Y
ℓm(θ, φ) . (4.5)
The GW modes hℓm are extracted using the orthogonality property (4.4) by means of the surface integral
hℓm =
∫
dΩh(θ, φ)−2Y
ℓm∗(θ, φ) , (4.6)
where the star on the spin-weighted −2 harmonic indicates the complex conjugation. Therefore, the calculation of hℓm
requires the knowledge of the polarizations h+ and h× for an arbitrary value of the azimuthal angle φ of the direction
Nˆ. In Sec. III we have computed h+ and h× only for φ = 0; however, a specific choice of the x-axis orientation cannot
be responsible for any information loss. Thus, we must be able to recover h(θ, φ) from the expression of h(θ, 0) alone.
The quantity h at a given point depends on a number of parameters, such as ι or the spin variables, and can actually
be regarded as a function of θ, φ as well as a function of the whole set of parameters that possess a geometrical
character. More precisely, we may write h(θ, φ) = h(θ, φ, ι, α,Φ, χxn, χ
y
n, χ
z
n). Let us now introduce the projection
basis (xˆ′, yˆ′, zˆ′ = zˆ) obtained by applying a rotation of angle φ about the z-axis on the vectors of the original basis
(xˆ, yˆ, zˆ). Let us also associate to each variable of h a primed counterpart, which is defined in the same way as the
unprimed variable but refers to the new basis rather than the original one. For instance, α′ denotes the azimuthal
7 Our definition of −sY ℓm(θ, φ) differs from that of Ref. [77] by a factor (−1)m so that 0Y ℓm(θ, φ) coincides with the most broadly used
definition of Y ℓm(θ, φ); for the d-matrix dℓ
m′m
(θ), we adopt the same convention as Landau-Lifchitz [78].
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angle of the orbital angular momentum measured from the fixed vector xˆ′ instead of xˆ. In particular, we have θ′ = θ,
φ′ = 0, ι′ = ι, α′ = α − φ. The phase Φ, defined as the angle (LˆN × zˆ, nˆ) = (LˆN × zˆ′, nˆ), is not affected by the
transformation: Φ′ = Φ. The x′ and y′ spin components can be obtained from the 2-dimensional formula for a passive
rotation of angle φ, that is
χ′
x
n = χ
x
n cosφ+ χ
y
n sinφ , (4.7)
χ′
y
n = −χxn sinφ+ χyn cosφ , (4.8)
while the third component is left unchanged. With our conventions, the polarization vectors in the new basis remain
equal to P and Q respectively. Therefore, the complex polarization is identical to that of the old frame. Moreover,
by construction of the primed variables, the functional dependence of h is the same as before, meaning that h =
h(θ, φ, ι, α,Φ, χxn, χ
y
n, χ
z
n) = h(θ
′, φ′, ι′, α′,Φ′, χ′
x
n, χ
′y
n, χ
′z
n). Hence the important relation
h ≡ h(θ, φ, ι, α,Φ, χxn, χyn, χzn) = h(θ, 0, ι, α− φ,Φ, cosφχxn + sinφχyn,− sinφχxn + cosφχyn, χzn) , (4.9)
where the function h(θ, 0, ι, α, χxn, χ
y
n, χ
z
n) is given by Eqs. (3.16), (3.17) for the ι-expanded expressions or by Eqs. (A2),
(A3) for the full ones.
At 1.5PN order, the GW polarizations decompose into a sum of 3 terms, h0(θ, ι, α,Φ) +
∑
n=1,2 χn.hn(θ, ι, α,Φ),
which shows that h may be written as
h0(θ, ι, α− φ,Φ) +
∑
n=1,2
[
eiφζ∗nkn(θ, ι, α − φ,Φ) + e−iφζnk∗n(θ, ι, α− φ,Φ) + χznhzn(θ, ι, α− φ,Φ)
]
, (4.10)
with ζn = (χ
x
n + iχ
y
n)/
√
2 and kn = (h
x
n + ih
y
n)/
√
2. Each mode hℓm splits accordingly into 7 contributions: the spin-
free term and 6 terms proportional to each of the spin variable components. These contributions are parametrized
by a vector weight m′ = −1, 0, 1, as well as the body label n = 1, 2 of the spins; n = 0 refers to quantities entering
the spin-free part of h for which we also set m′ = 0. As a result, for precessing binaries, the integral to compute hℓm
takes the form:
hℓm =
1∑
m′=−1
2∑
n=1
Xm′,n
∫
dΩKm′,n(θ, ι, α− φ,Φ)ei(−m
′−m)φ
−2Y
ℓm∗(θ, 0) , (4.11)
where X0,0 = 1, X0,n′ = χ
z
n′ (for n
′ = 1, 2), X−1,n′ = ζ
∗
n′ , X1,n′ = ζn′ , K0,0 = h0, K0,n′ = h
z
n′ , K−1,n′ = kn′
and K1,n′ = k
∗
n′ . By means of the change of variable φ → φ + α, we are able to factor out a complex exponential
e−i(m+m
′)α which contain all the dependence in α. Let us now focus henceforth on the case where the waveform has
been expanded in powers of ι. As we shall explicitly see below, [see Eq. (4.17)], the hℓm’s are then made of: (i) a
spin-free piece proportional to e−imα, (ii) two spin pieces proportional to e−i(m−1)α and to ζ∗1 or ζ
∗
2 respectively, (iii)
two spin pieces proportional to e−i(m+1)α and to ζ1 or ζ2 respectively, (iv) two spin pieces proportional to e
−imα and
to χz1 or χ
z
2 respectively. In contrast to what happens in the non-spinning case, hℓm is not in general proportional to
e−imΦ except for the terms that are free of ι, since both nˆ and λˆ reduce to trigonometric functions of Φ+α as ι→ 0.
The contributions to the polarization modes that are linear in ι involve couplings of the type e−i(m+m
′)(Φ+α) cosΦ or
e−i(m+m
′)(Φ+α) sinΦ because the terms of first order in ι entering nˆ and λˆ can only be linear combinations of ι cosΦ
or ι sinΦ (or equivalently ιe±iΦ). Couplings like e−i(m+m
′)(Φ+α) cosa Φ sinbΦ, with a, b ∈ N, arise at higher orders
making the dependence in Φ more complicated. A close inspection to the results below [see Eqs. (4.17a)–(4.17r) with
Ψ → Φ] confirm these expectations. Beware that our mode normalization is tuned to factor out the exponential
factors e−imα.
The structure of the modes is much more complicated for precessing binaries than for non-precessing binaries.
When the orbital angular momentum is aligned with the total angular momentum (ι = 0, α = π), note that a rotation
by φ about the z-axis produces an offset in the orbital phase angle, so that
h(θ, φ,Φ) = h(θ, 0,Φ− φ) . (4.12)
This ensures that only terms proportional to e−imΦ contribute to the integral over φ to compute hℓm. In the precessing
case, a rotation by φ produces an offset in the α angle, and so terms with different powers of e−iΦ can contribute
to the same hℓm mode. As we will see below, these terms with different powers of e
−iΦ interfere to produce rather
complicated modulations to the modes on the orbital time scale. Since the precessional motion is typically much
slower than the orbital motion (several orbital cycles are completed in any precessional cycle for the systems we
consider), it may be surprising that the relatively slow precessional motion can produce such rapid oscillations in the
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modes. This is simply a breakdown of the nice structure (i.e. that hℓm ∝ e−imΦ) of the hℓm modes in the precessing
case. Note however, that what is actually observed are the gravitational wave polarizations. In the polarizations,
precessional effects are indeed on a slower time scale than the orbital motion. They modulate the “envelope” of the
waveform, rather than create orbital timescale interference.
A useful property of h coming from the arbitrariness of the body labeling is that it must be invariant in the
exchange of particles 1 and 2: m1 ↔ m2, χ1 ↔ χ2, n → −n, v → −v. Under this transformation, the direction of
the angular momentum Lˆ remains invariant hence λ → −λ. The orbital frequency ωorb = (v · λ) is unchanged as
well as the direction of the total angular momentum, due to its structure and parity. Therefore, the phase Φ becomes
(xˆL,−nˆ) = Φ + π whereas the angles α and ι are unaffected. This yields the relation
h(θ, φ, ι, α,Φ, χx1 , χ
x
2 , χ
y
1 , χ
y
2, χ
z
1, χ
z
2) = [h(θ, φ, ι, α,Φ + π, χ
x
2 , χ
x
1 , χ
y
2 , χ
y
1, χ
z
2, χ
z
1)]δ→−δ . (4.13)
The previous identity may be supplemented by another one which originates from the classical parity invariance of
physics: for any given time instant t, the waveform resulting from the stress-energy tensor parametrized by the world-
lines xn and the spins χn must have the same value at point x as the waveform resulting from −xn and +χn at point
−x. Taking into account the transformation of the polarization vectors under parity, this means for the function h:
h(θ, φ, ι, α,Φ, χxn, χ
y
n, χ
z
n) = h
∗
(π − θ, φ+ π, ι, α,Φ + π, χxn, χyn, χzn) . (4.14)
The above formula allows us to express the modes hℓm in terms of the modes hℓ−m by performing the change of
variable θ → π−θ and φ→ φ+π in Eq. (4.6). The first factor of the integrand can be then rewritten as h∗(θ, φ, ι, α,Φ+
π, χxn, χ
y
n, χ
z
n) making use of Eq. (4.14). The second factor −2Y
ℓm∗(π− θ, φ+π) may be transformed by means of two
important symmetry properties of the spin-weighted spherical harmonics: −2Y
ℓm(π − θ, φ + π) = (−1)ℓ+2Y ℓm(θ, φ)
and +2Y
ℓm(θ, φ) = (−1)m−2Y ℓ−m∗(θ, φ), which leads to the new expression (−1)m+ℓ−2Y ℓ−m(θ, φ) for this factor.
As a consequence, the link between hℓm(Φ) ≡
∫
dΩh(θ, φ, ι, α,Φ, χxn, χ
y
n, χ
z
n)−2Y
ℓm∗(θ, φ) and hℓ−m(Φ) is given by
hℓm(Φ) = (−1)m+ℓ
∫
dΩh
∗
(θ, φ, ι, α,Φ + π, χxn, χ
y
n, χ
z
n)−2Y
ℓ−m(θ, φ) = (−1)ℓ+mh∗ℓ−m(Φ + π) (4.15)
The explicit expressions for the modes hℓm are obtained by inserting Eq. (4.9) into the surface integral (4.4). We
normalize them in such a way that the leading order mode starts with coefficient 1. Posing
hℓm = − (2Mνv
2)
DL
√
16π
5
e−im(Ψ+α) hˆℓm , (4.16)
and expanding in the inclination angle ι, we arrive at8
hˆ22 = 1 +
1
3
eiΨδvι + v2
{
1
42
(−107 + 55ν)− 1
2
ei(α+Ψ)
[
χxa − iχya + δ(χxs − iχys)
]}
− ι
2
2
+ v3
[
2π − 4δχ
z
a
3
+
4
3
(−1 + ν)χzs
]
+O
(
1
c4
)
, (4.17a)
hˆ21 = −δv
3
+ e−iΨι+
v2
2
(χza + δχ
z
s) + δ ι
2 v
(
5
12
− 1
4
e2iΨ
)
+ v3
{
− ei(α+Ψ)
[
δ (χxa − iχya) +
(
1− ν
2
)
(χxs − iχys)
]
+ e−i(α+Ψ)
[
δ(χxa + iχ
y
a) +
(
1 +
5
6
ν
)
(χxs + iχ
y
s)
]
+
δ
84
(17− 20ν)
}
+ v2ι
{
e−iΨ
42
(−107 + 55ν)
+
1
4
(
χxa − iχya + δ(χxs − iχys)
)
eiα
(
− 1 + e2iΨ
)}
+
ι3
4
(
− 5
3
e−iΨ − e3iΨ
)
+O
(
1
c4
)
, (4.17b)
hˆ20 =
1
2
√
3
2
{
v2
3
[
− ei(α+Ψ)
(
χxa − iχya + δ(χxs − iχys)
)
+ e−i(α+Ψ)
(
χxa + iχ
y
a + δ(χ
x
s + iχ
y
s)
)]
+
4i
3
v ι δ sinΨ + 2ι2 cos 2Ψ− 4i
3
v2ι sinΨ(χza + δχ
z
s)
}
+O
(
1
c4
)
, (4.17c)
8 In the case of spins aligned or anti-aligned with the Newtonian angular momentum, the modes (2, 2), (2, 1) and (3, 2) were also computed
in Ref. [71]. We fully agree with their results.
13
hˆ33 = −3
4
√
15
14
{
δv + v3
[
2δ(−2 + ν) + 16
9
ei(α+Ψ)ν(χxs − iχys)
]
− 4
9
eiΨιv2(−1 + 3ν)
+
δvι2
4
(
− 3 + e
2iΨ
9
)}
+O
(
1
c4
)
, (4.17d)
hˆ32 = −9
8
√
5
7
[
8
27
v2(−1 + 3ν) + δvι
(
e−iΨ − e
iΨ
27
)
− 32
27
v3νχzs
]
+O
(
1
c4
)
, (4.17e)
hˆ31 = − 1
12
√
14
{
δv + v3
[
− 2
3
δ(4 + ν)− 16e−i(α+Ψ)ν(χxs + iχys)
]
+ 20v2ι(−1 + 3ν)e−iΨ
+
δvι2
2
(
− 11
2
+
135
2
e−2iΨ − 3e2iΨ
)}
+O
(
1
c4
)
, (4.17f)
hˆ30 = − 1
2
√
42
δvι cosΨ +O
(
1
c4
)
, (4.17g)
hˆ44 =
8
9
√
5
7
v2(1− 3ν) +O
(
1
c4
)
, (4.17h)
hˆ43 =
8
9
√
10
7
[
81
320
v3δ(−1 + 2ν) + v2ι(1− 3ν)
(
e−iΨ − e
iΨ
16
)]
+O
(
1
c4
)
, (4.17i)
hˆ42 =
√
5
63
v2(1− 3ν) +O
(
1
c4
)
, (4.17j)
hˆ41 =
1
21
√
5
2
[
δv3
20
(−1 + 2ν) + v2ι(1 − 3ν)e−iΨ
]
+O
(
1
c4
)
, (4.17k)
hˆ40 = O
(
1
c4
)
, (4.17l)
hˆ55 = − 625
96
√
66
δv3(1− 2ν) +O
(
1
c4
)
, (4.17m)
hˆ54 = O
(
1
c4
)
, (4.17n)
hˆ53 = − 9
32
√
3
110
v3δ(1 − 2ν) +O
(
1
c4
)
, (4.17o)
hˆ52 = O
(
1
c4
)
, (4.17p)
hˆ51 = − 1
288
√
385
δv3(1− 2ν) +O
(
1
c4
)
, (4.17q)
hˆ50 = O
(
1
c4
)
. (4.17r)
In Appendix B we display the modes h22, h33, and h21 for generic inclination angle ι. The modes hˆℓm for m < 0
are derived from Eq. (4.17) by means of the relation hˆℓ−m(Φ) = (−1)ℓhˆ∗ℓm(Φ + π). The non-precessing expressions
are obtained by setting ι = 0 and α = π. Notice that when hℓm(Φ) does not depend on Φ, we have simply
hˆℓ−m = (−1)ℓhˆ∗ℓm. For comparison with the modes of Refs. [27, 28] in the non-spinning case, it is important to be
aware that the origin of the azimuthal angle there differs from ours by −π/2, which produces an extra factor (−i)m
(respectively im) with respect to us in the modes (respectively in the spin-weighted spherical harmonics).
Finally, let us emphasize that the (ℓ,m) modes defined by Eq. (4.5) depend on the particular choice of the source
frame. In fact, they are functions of the spin and angular momentum components with respect to the (xˆ, yˆ, zˆ) basis
introduced in Sec. II. As there is no canonical way to fix the reference frame for precessing binaries because of the
secular but perpetual variation of the direction J/|J|, it is important to be able to relate the hˆℓm’s given in Eq. (4.17)
to the polarization modes h′ℓm computed in another frame with different polarization vectors. Under a passive rotation
Rij(A,B,Γ) =
 cosA − sinA 0sinA cosA 0
0 0 1
 cosB 0 sinB0 1 0
− sinB 0 cosB
 cos Γ − sinΓ 0sin Γ cosΓ 0
0 0 1
 ,
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the (ℓ,m) modes transform in the same way as they would in the case of a standard spherical harmonics decomposition
[79, 80]. In fact, the spin-weighted −2 spherical harmonics are precisely devised to ensure this property for the modes
of a spin-weighted −2 object [77]. The law of transformation for the hℓm’s is given by
h′ℓm′(Φ
′, α′, ι′, χ′x
′
n , χ
′y′
n , χ
′z′
n ) =
ℓ∑
m=−ℓ
D∗ℓmm′(A,B,Γ)hℓm(Φ, α, ι, χ
x
n, χ
y
n, χ
z
n) , (4.18)
where the primed quantities refer to the new frame and where Dℓm′m is the unitary Wigner matrix [77]
Dℓm′m(A,B,Γ) = (−1)m
′
√
4π
2ℓ+ 1
−m′Y
ℓm(B,A) eim
′Γ (4.19)
with the convention of Landau-Lifchitz [78]. The new angles read
ι′ = arccos
[
cosB cos ι− cos(Γ + α) sinB sin ι
]
, (4.20a)
α′ = arccos cosα′ = arccos
cosA
[
cos ι sinB + cosB cos(Γ + α) sin ι
]− sinA sin ι sin(Γ + α)√
1− ( cosB cos ι− cos(Γ + α) sinB sin ι)2
if cos ι sinA sinB + sin ι
[
cosB cos(Γ + α) sinA+ cosA sin(Γ + α)
] ≥ 0 , (4.20b)
α′ = 2π − arccos cosα′ otherwise , (4.20c)
Φ′ = arccos cosΦ′
= arccos
cosB cosΦ sin ι− sinB sinΓ (cos ι cosΦ sinα+ cosα sinΦ) + cosΓ sinB (cos ι cosα cosΦ− sinα sinΦ)√
1− ( cosB cos ι− cos(Γ + α) sinB sin ι)2
if cosΦ sinB sin(Γ + α) + (cos ι cos(Γ + α) sinB + cosB sin ι) sinΦ ≥ 0 , (4.20d)
Φ′ = 2π − arccos cosΦ′ otherwise . (4.20e)
When the direction of the total angular momentum used to built the new frame coincides with that of J0, which
results in the equality zˆ′ = zˆ, the Euler angle B vanishes. Then, it can be checked from Eqs. (4.20d) and (4.20e) that
Φ′ = Φ as expected.
V. FEATURES OF GRAVITATIONAL-WAVE MODES FOR PRECESSING BINARIES ON NEARLY
CIRCULAR ORBITS
We now study how spin effects change the waveform modes for generic precessing binaries. We consider two
maximally spinning configurations with mass ratios 1:1 and 4:1. We label the spin configurations with the angles
{θ1, φ1, θ2, φ2}, where {θi, φi} describe the orientation of the spin vector of the ith body relative to the orbital angular
momentum in the initial configuration, which we take to be a circular orbit with Mωorb = 0.001. We use the
full expressions for the hℓm’s (i.e., the expressions that have not been expanded in ι) as given in Appendix B and
normalized following Eq. (4.16), but we replace Ψ with Φ.
After evolving through 1.5PN order all dynamical quantities they depend on [see Eqs. (3.11), (3.18), (3.20), and
(3.21)], we compute the modulus — more often referred to as the absolute value — of a sample of modes. Considering
the complicated structure of the hℓm’s, their qualitative behavior in the presence of spins is discussed here in terms of
the ι-expanded formulae (4.17). Let us focus on two spin configurations. The configuration SpinA = {π/2, 0, π/2, π/2}
has both spin vectors in the orbital plane, meaning a relatively large inclination angle. The configuration SpinB =
{π/6, π/4, π/6, π} has a smaller component of total spin transverse to the orbital angular momentum, hence a smaller
inclination angle. In Figs. 3 and 4 we plot the amplitude of the hˆℓm over the frequency range 2M Φ˙ = 0.02–0.15,
the upper frequency being reached roughly 2 cycles before merger, for an equal-mass, non-spinning binary [70]. For
a binary of total mass 16M⊙, the dominant second harmonic varies over the frequency range 40–300 Hz. For a
6.5× 106M⊙ binary, this range is shifted to 10−4–7.5× 10−4 Hz.
The left panel of Fig. 2 shows the inclination angle ι as a function of the dimensionless frequency 2M Φ˙. We see
that the inclinations are much larger in the case of 4:1 mass-ratio than for equal masses. Moreover, the inclination
increases monotonically in the equal-mass case, whereas the 4:1 mass ratio exhibits nutation, since the inclination
oscillates, but grows on average. These observations can be explained as follows. At early times, when the binary
has a large orbital separation, we have |L| ≫ |S|, where S = S1 + S2 is the total spin, so that J = L+ S and L are
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FIG. 2: The left panel shows the inclination angle of the orbital angular momentum relative to the total angular momentum,
ι, as a function of 2MΦ˙ for binaries with mass ratios 1:1 and 4:1, having initial spin orientations relative to the orbital angular
momentum: SpinA = {θ1 = π/2, φ1 = 0, θ2 = π/2, φ2 = π/2} and SpinB = {θ1 = π/6, φ1 = π/4, θ2 = π/6, φ2 = π}. The right
panel compares the modulus of h22 for the two precessing spin configurations with the non-spinning, aligned and anti-aligned
cases for equal masses. The computations use waveforms accurate to 1.5PN in amplitude and phase evolved with the precession
equations at 1.5PN order [see Eqs. (3.11), (3.18), (3.20), and (3.21)]. Note that these plots (and those of Figs. 3 and 4) begin
at 2M Φ˙ = 0.02 which is approximately where the dominant second harmonic from a binary of total mass 16M⊙ enters the
LIGO band at 40 Hz and where the second harmonic from a binary of total mass 6.5× 106M⊙ enters the LISA band at 10
−4
Hz.
nearly aligned. Radiation reaction causes |L| to decrease, making J move away from L and toward S. This is why the
inclination angle, ι, grows on average as the frequency increases. The absence of oscillations for the inclination angle
ι in the equal-mass case can be explained by the fact that we are evolving the dynamics, in particular the precession
equations (3.18), through 1.5PN order, i.e., we are neglecting spin-spin effects. Due to the equality Ω1 = Ω2 at this
accuracy level, the precession equations simplify then to a single equation of the form dS/dt = Ω×S. In the absence
of radiation reaction, S precesses around a fixed direction with a constant frequency, and the inclination is constant
(apart from the increase produced by radiation reaction). For unequal masses this symmetry does not exist, with the
consequence that one must solve two coupled equations for S1, S2 instead of a single equation for S. The motion of
the spin vectors is thus more complicated. Schematically, they rotate about a fixed direction while also bobbing up
and down [81].
The right panel of Fig. 2 plots, for the case of equal masses, the absolute value of the h22 mode normalized to
its Newtonian order expression, hˆ22, for both precessing spin configurations as well as the non-spinning, aligned and
anti-aligned cases. One interesting feature is that the aligned and anti-aligned cases do not bound the absolute
value of the modes for generic spin configurations. This and other features of the plot can be understood from
the ι expansion (4.17a) of hˆ22, which contains four spin corrections. The first correction, −ι2/2, is zero for the
aligned and anti-aligned cases, while it decreases the absolute value of the hˆ22 mode for all other spin configurations.
If ι is comparable to 1 radian, it can be a significant correction. The second correction, (1/3)eiΨδvι, vanishes
for equal masses. For unequal masses, it interferes with the non-spinning terms and, because it has a different
dependence on the orbital phase, produces oscillations in the absolute value of hˆ22. Next, the 1PN order spin
correction, −(v2/2)ei(α+Ψ)[χxa − iχya+ δ(χxs − iχys)], generates oscillations that depend on the spin vector components
transverse to the total angular momentum. Finally, the 1.5PN order spin correction, v3[−4δχza/3+ (4/3)(−1+ ν)χzs ],
lowers (raises) the absolute value of hˆ22 for spins aligned (anti-aligned) with the total angular momentum. It is solely
responsible for the spread between the aligned and anti-aligned cases, as the other corrections all vanish then.
A similar analysis can be applied to understand the behavior of the other modes. As an illustration, we plot in Fig. 3
all of the ℓ = 2 modes for mass ratios 1:1 and 4:1. The hˆ21 mode (4.17b) is zero for non-spinning equal mass binaries.
However, it contains several spin corrections and can have significant amplitude for precessing binaries, particularly
for large ι. It can exhibit complicated modulation, as its different spin corrections interfere with one another. The
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FIG. 3: We plot the modulus of the ℓ = 2 modes for mass ratios 1:1 (left panel) and 4:1 (right panel) with the spin configurations
described in Fig. 2. The computations use waveforms accurate to 1.5PN order in amplitude and phase evolved with precession
equations at 1.5PN order. The dashed lines are the larger ι configuration (SpinA) and the solid lines are the smaller ι
configuration (SpinB). We see that as ι increases, the modulus of hˆ22 decreases while the modulus of the other ℓ = 2 modes
increases. This effect becomes more pronounced when the mass ratio is more extreme.
hˆ20 mode (4.17c) also has several spin corrections, most notably 2 ι
2 cosΨ. This correction is responsible for the large
oscillations in the absolute value of hˆ20. Note that in the late stages of the inspiral evolution for the 4:1 mass-ratio
case, where ι ∼ 1 radian, these oscillations in the absolute value of hˆ20 peak near the absolute value of hˆ22. The other
spin corrections in hˆ20 are responsible for the further modulations of the absolute value.
Figure 4 plots the absolute value of the ℓ = 3 and ℓ = 4 modes for equal masses. Note that these modes are about
two orders of magnitude smaller than the ℓ = 2 modes. This remains true in the non-spinning case for the mass ratios
we consider. In the case of non-spinning, equal mass binaries, for ℓ = 3 only the hˆ32 mode (4.17e) is non-zero. The
1.5PN order spin correction decreases (increases) this mode’s absolute value if the spins are aligned (anti-aligned)
with the total angular momentum, in a similar way as in the hˆ22 mode. For unequal masses, the hˆ32 mode (4.17e) also
has an interference term proportional to ι. The other ℓ = 3 modes are non-zero for generic precessing binaries, and
generally have larger absolute values for larger inclinations. In the left panel of Fig. 4, we indeed observe that |hˆ33|,
|hˆ31|, and |hˆ30| are greater for the configuration SpinA than for SpinB. For ℓ = 4, only the hˆ44 and hˆ42 modes (4.17h),
(4.17j) are non-zero for non-spinning, equal-mass binaries, with hˆ44 being the largest. Though the ι-expanded form
of the hˆ44, hˆ42 and hˆ40 modes in Eq. (4.17) do not have any spin corrections through O(1/c3), we do see spin effects
in all of the ℓ = 4 modes when we plot the full expressions accurate through v3. The v2 and v3 coefficients in the full
expressions for the hˆ44, hˆ42 and hˆ40 modes depend on the inclination ι but not on the spin vector components and
this dependence is such that if we treat ι as a 1/c correction by performing a Taylor expansion in powers of ι, then the
spin terms are proportional to v2 ι2, v3 ι and higher order in ι. They are thus considered as higher order corrections
in the ι expansion, though they are present when we expand only in powers of v. None of the ℓ = 4 modes contain
any spin corrections proportional to the spin vector components through order v3. Those corrections would appear
only at higher order in v.
While we have plotted the ℓ = 3 and ℓ = 4 modes solely for equal masses, we have also studied these modes for
4:1 mass-ratio binaries. We find that they are affected by the change of mass ratio in much the same way as the
ℓ = 2 modes: the redistribution of signal among the ℓ = 3 and ℓ = 4 modes is more pronounced for asymmetric
binaries than for equal mass binaries. However, even for 4:1 binaries with large ι (SpinA) spin configuration, all of
the ℓ = 3 and ℓ = 4 modes are still one or two orders of magnitude smaller than hˆ22, whereas the hˆ21 and hˆ20 modes
can be comparable to hˆ22. The reason is essentially that hˆ21 and hˆ20 have ι corrections at leading order in v, while ι
corrections to the ℓ = 3 and ℓ = 4 modes all appear at higher order, and so they do not have as strong an effect as
for hˆ21 and hˆ20.
By examining the absolute values of the hˆℓm modes for precessing binaries, we see that they can be significantly
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FIG. 4: We plot the modulus of the ℓ = 3 modes (left panel) and ℓ = 4 modes (right panel) for equal masses with the spin
configurations described in Fig. 2. The computations use waveforms accurate to 1.5PN order in both amplitude and phase
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the largest modes for the non-precessing cases (|hˆ32| and |hˆ44|) become smaller, while the other modes become larger.
altered by the motion of the orbital plane relative to the frame used to perform the mode decomposition and the
signal may be redistributed among the modes as observed in Ref. [80]. This suggests that all modes, not just the
dominant ones for non-spinning binaries, are needed to accurately describe the waveforms emitted from precessing
binary systems, especially for asymmetric binaries and binaries with large inclinations where this redistribution of
signal among the modes is most dramatic.
Let us close this section with a few comments about the applicability of the full and ι-expanded expressions for the
modes and the possibility of combining them with higher order non-spinning corrections. We find that the absolute
values of the full and ι-expanded hˆℓm modes are often quite close to each other for relatively small ι. For inclinations
less than half a radian (30◦), the difference in |hˆ22| is typically of a few percent. For ι comparable to or larger than
a radian (60◦), significant differences between the full and ι-expanded modes develop and the absolute values may
differ by ∼ 10–100% when ι ≥ 1 radian. Nonetheless, the ι-expanded modes are very useful in understanding the
qualitative behavior of precessing binaries, even for inclinations ∼ 1 radian, albeit they should not be used for precise
quantitative studies of binaries with large inclination angles.
In Refs. [27, 28], expressions of the modes are given to 3PN order for non-spinning binaries. We have compared
their absolute values to that of the corresponding quantities truncated at 1.5PN order, which has shown us that they
typically differ by ∼ 1–10%. For example, the absolute value of the 1.5PN and 3PN order h22 modes for equal-mass
binaries differ by less than 1% at 2M Φ˙ = 0.01 and by about 3% at 2M Φ˙ = 0.05 or 2M Φ˙ = 0.12. The other modes
typically have a larger difference. The 1.5PN order and highest known order absolute values for h32, h44 and h42 differ
by about 5–15% over this same frequency range for equal mass binaries. For 4:1 mass ratio binaries, the differences
in absolute value are similar.
Known higher-order non-spinning terms can actually be included in the amplitude if enough care is taken. In
the non-precessing case, the modes hℓm are proportional to e
−imΨ, as in the non-spinning case, because nˆ and λˆ
appearing in the strain tensor hij are trigonometric functions of the orbital phase Φ. In constructing the hℓm’s from
hij , they generate an exponential dependence on multiples of Φ. However, for the case of a precessing binary with
small ι, nˆ and λˆ are trigonometric functions of Φ + α. Thus, the hℓm’s contain then all of the non-spinning terms,
but with the substitution Ψ → Ψ + α. The situation is different for the general precessing case. The vectors nˆ and
λˆ depend on Φ, α, and ι, and the resulting hℓm have a complicated dependence on all three of these quantities that
cannot be simply related to the non-spinning case. These considerations show that it is only for binaries with a
small inclination (or no inclination) that we can readily construct the hℓm’s with spin effects up to 1.5PN order and
non-spinning corrections up to 3PN order. For spins (anti-)aligned it is trivial to add the higher-order non-spinning
corrections of Refs. [27, 28] to the hℓm given in Eq. (4.17). For precessing binaries with small inclinations, they can
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be added to our expressions in Eq. (4.17) with the substitution Ψ→ Ψ+ α. For general precessing binaries, it is not
so simple to include higher-order non-spinning corrections to the full expressions for the hℓm given in Appendix B. To
do this properly, we would need the spin terms at the same order as the non-spinning terms and repeat the derivation
of the hℓm to a higher order.
VI. READY-TO-USE FREQUENCY-DOMAIN TEMPLATES FOR SPINNING, NON-PRECESSING
BINARIES
A. Gravitational-wave polarizations in time domain
In the non-precessing case, the orbital angular momentum points in a fixed direction which we take to be the z-axis
(see Fig. 1) and the spins are either aligned or anti-aligned with it. The basis vectors of the orbital plane, xˆL(t) and
yˆL(t), are constant in time. They can be freely chosen to be any pair of orthogonal unit vectors in the x–y plane.
Here, following the convention of Ref. [25], we choose xˆL = Pˆ = Nˆ× LˆN/|Nˆ× LˆN|, so that the phase is zero at the
ascending node (where the orbital separation vector crosses the plane of the sky from below). This is equivalent to
setting ι = 0 and α = π in Eqs. (3.12), (A2), and (A3). Note also that since the orbital plane remains fixed, the phase
Φ defined through Eq. (3.10) coincides with the standard definition of the orbital phase, that is
ωorb = Φ˙ . (6.1)
In the non-precessing case, the vectors in terms of which the GW polarizations are expressed originally take the
simpler form
nˆ = (sinΦ , − cosΦ , 0) , (6.2)
λˆ = (cosΦ , sinΦ , 0) , (6.3)
Nˆ = (sin θ , 0 , cos θ) , (6.4)
LˆN = (0 , 0 , 1) . (6.5)
By plugging the expressions (6.2)–(6.5) into Eq. (3.3) and taking the combinations given in Eq. (2.1), we obtain an
equation similar to Eq. (3.12). The spin-dependent 1PN, 1.5PN and 2PN order polarization coefficients read
H
(1,SO)
+ = v
2sθ cosΨ
[
χa · LˆN + δχs · LˆN
]
, (6.6a)
H
(3/2,SO)
+ = v
3 cos 2Ψ
4
3
[
(1 + c2θ)
(
χs · LˆN + δχa · LˆN
)
+ ν (1 − 5c2θ)χs · LˆN
]
, (6.6b)
H
(2,SS)
+ = −v4 2 ν (1 + c2θ)
(
χ2s − χ2a
)
cos 2Ψ , (6.6c)
H
(1,SO)
× = v
2sθ cθ sinΨ
[
χa · LˆN + δχs · LˆN
]
, (6.6d)
H
(3/2,SO)
× = v
3 sin 2Ψ
4
3
cθ
[
2
(
χs · LˆN + δχa · LˆN
)
− ν (1 + 3c2θ)χs · LˆN
]
, (6.6e)
H
(2,SS)
× = −v4 4 ν cθ
(
χ2s − χ2a
)
sin 2Ψ , (6.6f)
where SS labels the spin(1)-spin(2) contributions.9 In the equations above, we use the shorthand cθ = cos θ and
sθ = sin θ. Note also that the phase Ψ is the shifted orbital phase that relates to Φ at our accuracy level as
Ψ = Φ− 2 v3
(
1− ν
2
v2
)
ln
(
ωorb
ω0
)
, (6.6g)
where ω0 can be chosen arbitrarily. Expressed in terms of the orbital phase Φ, the GW polarizations would contain
terms logarithmic in ωorb, arising from the propagation of the tails. However, introducing the phase (6.6g), they are
all absorbed (up to the 2.5PN order we are considering) into the phase variable [25].
The spin-dependent polarizations (6.6a)–(6.6f) were derived in Ref. [35] [see Eqs. (F24a)–(F25c) in that paper],
although the 1.5PN and 2PN order cross polarizations had an erroneous sign, which is corrected here.
9 We remind that spin(1)-spin(1) and spin(2)-spin(2) effects in the waveform polarizations are currently unknown.
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B. Spin-orbit effects at 1.5PN order and spin-spin effects at 2PN order in the frequency-domain
gravitational-wave amplitude
Writing h(t) = h+ F++h× F× and collecting terms by PN order and by sines or cosines of harmonics of the orbital
frequency, we can write the time-domain strain in the compact form:
h(t) =
2M ν
DL
5∑
n=0
7∑
k=1
V 2+nk
[
α
(n)
k cos(kΨ(t)) + β
(n)
k sin(kΨ(t))
]
+O(v8) ,
=
2M ν
DL
5∑
n=0
7∑
k=1
V 2+nk
[
α
(n)
k cos(kΨ(t)) + β
(n)
k cos(kΨ(t)−
π
2
)
]
+O(v8) , (6.7)
where n/2 is the PN order and k labels the harmonics of the orbital phase. The PN expansion parameter is defined
as V = (2πMF )1/3, with F = ωorb/(2π). We shall denote the GW frequency by f . For the k
th harmonic, we have
then the relation f = fk ≡ kF , so that
Vk =
(
2 πM
fk
k
)1/3
. (6.8)
Given a function of the form h(t) = A(t) cosφ(t), where φ(t) is a monotonically increasing function satisfying
dlnA(t)/dt≪ dφ(t)/dt, we can compute its Fourier transform by applying the stationary-phase approximation (SPA):
h˜(f) ≃ 1
2
A(t(f))
√
2 π
φ¨(t(f))
ei(2 π f t(f)−φ(t(f))−π/4) , (6.9)
t(f) being defined here for each frequency f as the value of t for which (dφ/dt)(t) = 2πf . In a similar manner, we
apply the SPA to each term in the sum of Eq. (6.7). Moreover, for each harmonic of the orbital phase, we expand
the factor inversely proportional to the second time derivative of the orbital phase entering Eq. (6.9) in a PN series
of the form √
2 π
k φ¨
=
(
k
dF
dt
)−1/2
=
√
5 π
k 48 ν
M V
−11/2
k
[
1 + S2 V 2k + S3 V 3k + S4 V 4k + S5 V 5k +O(V 6k )
]
, (6.10)
with
S2 = 743
672
+
11
8
ν ,
S3 = −2π +
(
113
24
− 19
6
ν
)
χs · LˆN + 113
24
δχa · LˆN ,
S4 = 7266251
8128512
+
18913
16128
ν +
1379
1152
ν2 − ν
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The expansion (6.10) without spin corrections in the amplitude was first given in Ref. [48]. We have added to it the
leading order SO corrections through 1.5PN order and the spin(1)-spin(2) SS corrections appearing at 2PN order. In
principle, SO corrections at 2.5PN order and spin(1)-spin(1), spin(2)-spin(2) SS corrections at 2PN arising from the
spin contribution to the orbital frequency are also present. However, when calculating spin terms in the frequency-
domain amplitude, we neglect them because they have not been calculated yet beyond the 1.5PN order in the time
domain amplitude. The spin contribution at 2PN and 2.5PN order to the Fourier domain amplitude is not complete
unless we take both into account.
Defining the frequency-dependent SPA phase as
ΨSPA(f) = 2π f t(f)−Ψ(f) , (6.12)
the frequency domain waveform with amplitude corrections containing SO effects through 1.5PN order and spin(1)-
spin(2) effects through 2PN order is
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with
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1√
k
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Sm√
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α
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k
)
, (6.14)
where the index n denotes the PN order and the index k the harmonics. Explicit expressions for the C(n)k can be found
in Appendix D. The non-spinning terms in the amplitude agree with Ref. [47], although we have written them in a
different, more explicit manner. Notice that recently the non-spinning amplitude corrections were calculated through
3PN order [28], but in this paper we restricted the computation to 2.5PN order.
C. Spin-orbit effects at 2.5PN order in the frequency-domain gravitational-wave phase
For matched filtering, it is best to know the GW phasing at the highest PN order. We now derive the SO
contributions to the SPA phase through 2.5PN and the SS contributions (including spin(1)-spin(1) and spin(2)-spin(2)
contributions) to the SPA phase through 2PN order.
The PN expansion of the SPA phase ΨSPA(F ) can be obtained from the PN expansions of the binary center-of-mass
energy, E, and GW flux, F , via the energy balance equation
− dE
dt
= F . (6.15)
Using dΨ/dt = 2 π F = v3/M , we can re-write the energy balance equation as the differential equations
dt = −dE
dv
1
F dv , (6.16)
and
dΨ = −dE
dv
1
F
v3
M
dv . (6.17)
The quantities E and F are known as power series in v = (2πM F )1/3. The non-spinning terms in the expansions of
E and F have been calculated by Refs. [29, 82–86], while the spin contributions to these quantities through 2.5PN
order were derived by Refs. [22, 23, 30, 34, 35, 75]. The center-of-mass energy and the flux read
E(v) = ENewt v
2
(
1 +
6∑
i=2
Eiv
i
)
, (6.18)
F(v) = FNewt v10
(
1 +
7∑
i=2
Fiv
i
)
, (6.19)
where the coefficients Ei and Fi are explicitly given in Appendix C. By inserting Eqs. (6.18), (6.19) into Eqs. (6.16),
(6.17), we obtain rational function approximations to the integrands. We then find the Taylor series of the rational
functions and integrate up to some reference frequency, often chosen to be the time of coalescence, when the orbital
frequency formally diverges. Thus, we obtain PN approximations of the form
t(v) = tc −
∫ v
vc
ENewt
FNewt
2v−9 + 7∑
j=2
tj v
j−9
 , (6.20)
Ψ(v) = Ψc − 1
M
∫ v
vc
ENewt
FNewt
2v−6 + 7∑
j=2
tj v
j−6
 ,
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(6.21)
where the tj coefficients are linear combinations of products of the Ei and Fi. Plugging Eqs. (6.20), (6.21) into
Eq. (6.12), we obtain the following expression for the SPA phase through 2.5PN order10
ΨSPA(F ) = 2π F tc −Ψc + 3
256
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}
, (6.22)
where the 1.5PN SO phase corrections are contained in β, the 2PN SS corrections are contained in σ, and the 2.5PN SO
corrections are contained in γ. Note that β and the spin(1)-spin(2) contributions to σ were previously known [13, 14],
while we have calculated the spin(1)-spin(1) and spin(2)-spin(2) contributions to σ and the 2.5PN SO corrections to
the SPA phase using the results for the center-of-mass energy and GW flux of Refs. [29, 30, 33, 75]. Explicitly, these
corrections are
β =
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ν
)
χs · LˆN + 113
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δχa · LˆN , (6.23)
σ = ν
{
721
48
[(
χs · LˆN
)2
−
(
χa · LˆN
)2]
− 247
48
(
χ2s − χ2a
)}
+ (1− 2ν)
{
719
96
[(
χs · LˆN
)2
+
(
χa · LˆN
)2]
− 233
96
(
χ2s + χ
2
a
)}
+ δ
[
719
48
(
χs · LˆN
) (
χa · LˆN
)
− 233
48
χs · χa
]
, (6.24)
γ =
(
732985
2268
− 24260
81
ν − 340
9
ν2
)
χs · L̂N +
(
732985
2268
+
140
9
ν
)
δχa · L̂N . (6.25)
We note that these expressions are only valid when both component spins are aligned or anti-aligned with the orbital
angular momentum. The spin(1)-spin(1) and spin(2)-spin(2) contributions to σ were also derived in Refs. [32, 33] and
we found full agreement with them.
D. Features of frequency-domain non-precessing waveforms with higher harmonics
We now discuss some interesting features of the spinning, non-precessing waveforms derived in Sec. VIB. Several
papers have studied the effect of higher harmonics in the amplitude corrections of non-spinning binaries observable
by ground- and space-based detectors [47, 48, 52–54, 88].
One important feature of the higher harmonics in the waveform amplitude is that they can increase the mass reach
of a detector [52]. This is because high-mass binaries whose dominant second harmonic is not in the detector’s sensitive
band can have higher harmonics in band and therefore become visible to the detector. A closer look at Eq. (6.14)
and Appendix D shows that spin corrections through 2PN order appear only in the first and second harmonics. In
particular, the only SPA amplitude coefficients with spin dependence are C(2)1 , C(3)2 and C(4)2 given in Appendix D.
Thus, in the non-precessing case spin corrections through 2PN order in the waveform amplitude do not affect the
mass reach of the detector, and only affect binaries whose second harmonic appears in band.
Another general feature of the higher harmonics is that they interfere with one another, typically destructively [47,
52, 54]. For binaries that would be visible with Newtonian waveforms, this effect tends to decrease the signal to noise
ratio (SNR). As we shall study in detail in this section, spin effects can play a role in this interference, either raising
or lowering the SNR depending on the spin orientations.
We define the power spectrum, P (f), as
P (f) =
|h˜(f)|2
Sn(f)
, (6.26)
10 The non-spinning terms in the SPA phase through 3.5PN order can be found in Ref. [87].
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FIG. 5: We compare the power spectra computed with the Newtonian amplitude waveform (red dashed line) and the 2.5PN
waveform with 1.5PN SO and 2PN SS effects included (blue, continuous line). In the left panel we consider a typical source
for LISA, a binary with total mass (106+105)M⊙, and spins maximal and aligned with the orbital angular momentum. In the
right panel we consider a typical source for Advanced LIGO, a binary of total mass (30 + 30)M⊙ with spins χ1 = 1, χ2 = 0.5
aligned with the orbital angular momentum. Note that the kth harmonic ends at k FLSO, and these frequencies are marked
by the vertical dashed lines on the graph. The spectrum of the 2.5PN waveform is much simpler in the equal-mass case than
unequal mass case because in the former case all non-spinning odd harmonics are suppressed.
and the optimal SNR, ρ, as
ρ2 = 4
∫ 7FLSO
fs
|h˜(f)|2
Sn(f)
df , (6.27)
where fs is the low frequency seismic cutoff of the detector, and the upper frequency cutoff is taken to be the highest
harmonic of the orbital frequency at the last stable orbit (LSO) which for simplicity we choose to be the LSO of a
test particle in Schwarzschild,
FLSO =
1
2π63/2M
. (6.28)
Note that the kth harmonic ends at kFLSO as enforced by a step function θ(kFLSO − f) [see Eqs. (D1)–(D21) in
Appendix D]. In Eqs. (6.26), (6.27), we denote with Sn(f) the noise power spectral density of the detector. For
Advanced LIGO, we take the spectral density to be Eq. (4.3) of Ref. [48] and fix fs = 20 Hz. For LISA, we use the
so-called effective non-sky-averaged spectral density given in Eqs. (2.28)–(2.32) of Ref. [89]. We do not consider the
orbital motion of the LISA spacecraft [90] and consider only the single detector configuration 11. In the presence of
higher harmonics, the lower and upper cut-off frequencies are chosen following Sec. IIIA of Ref. [52]. For LISA we
assume an observation time of one year, and the orbital frequency at the beginning of observation to be Eq. (3.3) of
Ref. [52]. As explained in Ref. [52], this can be implemented by multiplying the kth harmonic by the step function
θ(f − kFin) where Fin is the orbital frequency at the beginning of observation. Finally, because of the 60◦ angle
between LISA’s arms, we use h˜(f)→ (√3/2) h˜(f) in Eqs. (6.26), (6.27) in the case of LISA.
All tables and figures in this section, refer to a binary with orbital angular momentum inclined relative to the line
of sight by θ = π/3, sky location θ¯ = φ¯ = π/6 and polarization angle ψ¯ = π/4 [see Eqs. (2.4), (2.5)]. We have verified,
11 It should be noted that in our model, though we do not perform an average over the antenna pattern functions, we do not account
for the orbital motion of LISA either. In this sense, our model falls in between the pattern averaged and non-pattern averaged cases
described in Ref. [89]
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FIG. 6: For a binary of total mass (30 + 30)M⊙ with spins χ1 = 1, χ2 = 0.5 aligned with the orbital angular momentum (the
same binary of the right panel of Fig. 5), we show the power spectra up to 2FLSO. We plot the power spectrum for the waveform
through 2.5 PN order with no spin corrections (cyan solid line) and with SO corrections through 1.5PN (that is, 1PN and
1.5PN) and SS corrections at 2PN order (dark blue solid line). We also plot power spectra for the waveform with Newtonian
amplitude (red dashed line), Newtonian amplitude plus the 1PN SO correction (black dotted line), Newtonian amplitude plus
SO effects through 1.5PN (green,dot dashed line), and Newtonian amplitude plus SO corrections through 1.5PN and the 2PN
SS correction (magenta, double-dot-dashed line). The 1.5PN SO and 2PN SS effects raise and lower the power in the dominant
harmonic while the 1PN SO effect merely changes the modulation pattern up to its cutoff frequency of FLSO. Vertical dashed
lines mark the frequencies FLSO and 2FLSO.
by considering random values for the four angles, that the qualitative trends reported in this section are generic and
do not depend on the specific values of them (see a detailed discussion at the end of this section). Regardless of the
PN order of the amplitude, all waveforms use the SPA phase with non-spinning terms up to 3.5PN order [87], and
spin terms up to 2.5PN order, as given in Eqs. (6.22)–(6.25). In the case of Advanced LIGO (LISA) we consider
binaries at a distance of 100 Mpc (3 Gpc). Moreover, all masses and distances refer to the redshifted quantities.
The destructive interference between different harmonics can be seen in Fig. 5. The Newtonian waveform’s power
spectrum is simply proportional to f−7/3/Sn(f). The higher harmonics present in the 2.5PN waveform introduce
oscillatory cross terms that on average lower the power. Notice that although the higher harmonics extend the
observable frequency band significantly, the power beyond the cutoff of the second harmonic, being at a higher PN
order, is suppressed by one or several orders of magnitude. These features explain why the SNR listed in Tables I,
II tends to decrease as the PN order increases for the range of masses we consider. For equal-mass binaries, all
non-spinning odd harmonic corrections are suppressed because the latter are proportional to δ which is zero for equal
masses [see Eqs. (D1)–(D21) in Appendix D]. This is not true of spin-dependent amplitude corrections. For example,
the first harmonic has a spin dependent amplitude correction at 1PN order which does not vanish for equal mass
systems unless spins are equal and aligned with one another [see Eq. (6.6a)].
Tables I, II show the SNR for the case of maximal spins both aligned or anti-aligned with the orbital angular
momentum. From the bottom three rows of Tables I, II, we see that, depending on the spin orientation, the 2.5PN
amplitude corrections with spins can have SNR ∼ 10% higher or lower than the 2.5PN amplitude corrections without
spins. We caution that this ∼ 10% change in the SNR from spin corrections is only meant as a bound on spin effects
for spinning, non-precessing binaries. As we have seen in Sec. V, the affect of spin corrections on precessing binaries
is not bounded by the cases of maximal spins aligned and anti-aligned with the orbital angular momentum.
Quite interestingly, the 1.5PN SO and 2PN SS corrections are far more important than the 1PN SO correction in
terms of their effect on the power spectrum and the SNR. Notice that in Tables I, II the 1PN SO term always has
little or no effect, while the 1.5PN SO term changes the SNR by ∼ 10%, and the 2PN SS term changes the SNR for
the equal-mass binary. The reason the 1PN SO term is less important is that the 1.5PN SO and 2PN SS terms are
corrections to the second harmonic, so they increase or decrease the power in the dominant term. On the other hand,
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Advanced LIGO SNR
(50 + 5)M⊙ (30 + 30)M⊙
(1, 1) (−1,−1) (1, 1) (−1,−1)
Newt 76.4 76.4 131.1 131.1
0.5PN 84.9 82.3 131.1 131.1
1PN 74.2 71.9 116.9 115.8
1PN + 1PN SO 74.1 72.1 116.9 115.8
1.5PN 69.2 67.6 116.9 115.8
1.5PN + 1.5PN SO 79.7 58.1 134.2 98.8
2PN + 1.5PN SO 75.8 55.1 123.1 88.3
2PN + 1.5PN SO + 2PN SS 75.5 54.8 121.4 86.7
2.5PN 64.0 62.6 106.3 105.3
2.5PN + 1.5PN SO 74.2 53.6 123.5 88.5
2.5PN + 1.5PN SO + 2PN SS 73.9 53.4 121.7 86.9
TABLE I: For several binary configurations observable by Advanced LIGO we list the SNR as the PN order of the amplitude
corrections is varied. In each column we show the component spins (χ1 · LˆN,χ2 · LˆN). We include all non-spinning, spin-orbit
(SO) and spin-spin (SS) corrections up to the orders given in the first column. For example, 2.5PN + 1.5PN SO + 2PN SS
means we include non-spinning amplitude corrections from Newtonian to 2.5PN order, 1PN and 1.5PN SO corrections, and
the 2PN SS correction. Regardless of the PN order of the amplitude, we always use the SPA phase with non-spinning terms
up to 3.5PN order, and spin terms up to 2.5PN order, as given in Eqs. (6.22)–(6.25). The binary is at a distance of 100 Mpc
with orbital angular momentum inclined relative to the line of sight by θ = π/3, sky location θ¯ = φ¯ = π/6 and polarization
angle ψ¯ = π/4 [see Eqs. (2.4),(2.5)].
LISA SNR
(2× 106 + 104)M⊙ (10
6 + 106)M⊙
(1, 1) (−1,−1) (1, 1) (−1,−1)
Newt 382.6 382.6 2764.4 2764.4
0.5PN 598.5 598.6 2764.4 2764.4
1PN 620.1 621.5 2510.0 2469.7
1PN + 1PN SO 619.9 621.7 2510.0 2469.7
1.5PN 512.2 517.0 2510.0 2469.7
1.5PN + 1.5PN SO 551.9 484.1 2875.9 2118.2
2PN + 1.5PN SO 523.6 457.5 2608.5 1870.5
2PN + 1.5PN SO + 2PN SS 523.5 457.4 2570.2 1836.1
2.5PN 479.4 481.1 2280.3 2242.0
2.5PN + 1.5PN SO 516.5 451.6 2639.2 1901.9
2.5PN + 1.5PN SO + 2PN SS 516.4 451.6 2601.4 1868.4
TABLE II: For several binary configurations observable by LISA we list the SNR as the PN order of the amplitude corrections
is varied. In each column we show the component spins (χ1 · LˆN,χ2 · LˆN). We include all non-spinning, spin-orbit (SO) and
spin-spin (SS) corrections up to the orders given in the first column. Regardless of the PN order of the amplitude, we always use
the SPA phase with non-spinning terms up to 3.5PN order, and spin terms up to 2.5PN order, as given in Eqs. (6.22)–(6.25).
The binary is at a distance of 3 Gpc with the same orientation as in Table I. The binary masses and distances refer to the
redshifted quantities.
the 1PN SO term is a correction to the first harmonic. Thus, it is merely a perturbation to the dominant signal, and
only in the lowest part of the spectrum where the first harmonic is observable. This is illustrated in Fig. 6, where we
plot the power spectrum as a function of frequency (up to 2FLSO) for different spin contributions for the (30+30)M⊙
binary system. We see that the 1.5PN SO and 2PN SS corrections add or subtract their power coherently with the
dominant second harmonic. Their net effect is to shift the power spectrum of the full waveform upward without
changing its shape. On the other hand, the 1PN SO correction, which is proportional to the (sine or cosine of) half
the dominant harmonic, simply changes the modulation pattern of the full waveform up to FLSO (37 Hz). It should
however be noted that the structures in the power spectra could be more complicated for asymmetric systems where
the non-spinning terms proportional to cosΨ and sinΨ are not suppressed.
The 1.5PN SO term is typically the most important of the spin terms. This term is linearly proportional to the
spins of the two bodies, as can be seen in Eq. (D8). If the spins are aligned with the orbital angular momentum it
increases the SNR. If the spin terms are anti-aligned with the orbital angular momentum it decreases the SNR. If one
spin is aligned with LˆN and the other anti-aligned, the body with the greater spin Si = m
2
i χi, which is typically the
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Advanced LIGO SNR
(60 + 40)M⊙
(1,−1) (0.8,−0.8) (0.5,−0.5) (0.2,−0.2)
2.5PN 81.0 80.5 80.8 81.8
2.5PN + 1.5PN SO 84.4 83.3 82.5 82.5
2.5PN + 1.5PN SO + 2PN SS 85.8 84.2 82.8 82.5
TABLE III: For a typical binary observable by Advanced LIGO, we compare the SNR obtained using the 2.5PN amplitude
corrected waveform without spin effects, with spin-orbit effects, and with spin-orbit and spin-spin effects. In each column we
show the component spins (χ1 · LˆN,χ2 · LˆN). In all cases we use the SPA phase with non-spinning terms up to 3.5PN order, and
spin terms up to 2.5PN order, as given in Eqs. (6.22)–(6.25). The binary is at a distance of 100 Mpc with the same orientation
as in Table I.
larger body, dominates. Thus, the large body dictates whether the SO effect increases or decreases the SNR, unless
the spin of the smaller body is much greater than the spin of the large body. This is illustrated in Table IV, where
the mass ratio m1 : m2 = 10 : 1. The spin of the larger body is aligned with LˆN and tends to increase the SNR while
the spin of the smaller body is anti-aligned with LˆN and tends to decrease the SNR. For a spin ratio χ1 : χ2 = 1 : 1
there is a large increase in SNR due the larger BH. For a spin ratio 1:10, the larger BH still dominates and we get a
small increase in SNR. For the spin ratios of 1:100 and 1:1000, the smaller BH is now able to overcome the larger BH
and produce a net decrease in the SNR.
LISA SNR
(106 + 105)M⊙
(1,−1) (0.1,−1) (0.01,−1) (0.001,−1)
2.5PN 2538.7 2570.4 2522.2 2572.4
2.5PN + 1.5PN SO 2917.5 2583.8 2500.6 2546.7
2.5PN + 1.5PN SO + 2PN SS 2930.4 2585.0 2500.8 2546.7
TABLE IV: For a typical binary observable by LISA, we compare the SNR obtained using the 2.5PN waveform without
spin effects, with spin-orbit effects, and with spin-orbit and spin-spin effects. In each column we show the component spins
(χ1 · LˆN,χ2 · LˆN). In all cases we use the SPA phase with non-spinning terms up to 3.5PN order, and spin terms up to 2.5PN
order, as given in Eqs. (6.22)–(6.25). The binary is at a distance of 3 Gpc with the same orientation as in Table I. The binary
masses and distances refer to the redshifted quantities.
The 2PN SS term decreases the power spectrum and SNR when the component spins are aligned with one another,
and increases the power spectrum and SNR when they are anti-aligned with one another. The 2PN SS term has a
greater effect on the SNR and power spectrum than the 1PN SO term, but is less important than the 1.5PN SO term.
This is because it is suppressed relative to the 1.5PN SO term by a factor of v/c and it is quadratic in the spins and
proportional to the symmetric mass-ratio ν. Thus, the 2PN SS term are most important for binaries with two large
component spins and comparable masses. From Tables I, III, we can see that the 2PN SS term has little or no effect
on binaries with a mass ratio greater than 10:1. In Tables I, II, for the columns with equal masses and spins aligned
with one another, the 2PN SS term decreases the SNR by a few percent. For the binary in Table III, we see that
the 2PN SS term increases the SNR by an amount comparable to the SO terms when the spins are maximal. As we
decrease the spin magnitude, the SS effect is suppressed faster than the SO effect because it is quadratic in the spins
while the SO effect is linear.
Before ending this section we study how different values of the source position and inclination angle can affect the
SNR trends shown in Table I. For (5 + 50)M⊙ and (30 + 30)M⊙ systems we calculated the SNRs at different PN
orders in amplitude for various random realizations of θ¯, φ¯, ψ¯ and θ and for the spinning and non-spinning cases. For
the spinning cases, when all the known spin effects are included at different PN orders, the trends across different
orders remains the same for all the random realizations except between the Newtonian and 0.5PN order. Though on
most of the occasions, the SNR increases from Newtonian to 0.5PN order, there are cases when it decreases, albeit
slightly. All these cases where the SNR decreases have inclination angle θ very close to zero or π. For these cases,
the third harmonic, which is proportional to sin θ, is largely suppressed and the spin-dependent interference accounts
for the small drop in SNR. This drop is observed for systems for which χ1 = χ2 = −1 whereas the non-spinning and
χ1 = χ2 = 1 cases consistently showed the increase in SNR between Newtonian and 0.5PN order. To further assert
this, we fix the inclination angle to a value very close to zero and π and randomly varied the other three angles. We
find that for all the realizations the SNR decreases in going from Newtonian to 0.5PN order. In brief, the trends
shown in Table I is quite general except for inclination angles close to zero or π. We however note that the trends of
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Table I need not be same for much higher masses when the leading harmonic approaches the lower cut-off frequency
of the detector (2FLSO ≃ fs). We have not done a thorough analysis for the whole mass range.
VII. CONCLUSIONS
The ongoing search for GWs from compact binaries with the network of interferometers LIGO, Virgo and GEO,
and the work at the interface between analytical and numerical relativity aimed at providing accurate templates for
the search, has made it urgent to include higher-order PN effects in the theoretical predictions of the waveforms. This
paper is a step forward in this direction.
We provided ready-to-use time-domain waveforms for spinning, precessing binaries moving on nearly circular orbits
through 1.5PN order and decompose those waveforms in spin-weighted −2 spherical harmonics [see Appendices A
and B]. Neglecting radiation-reaction effects and assuming S ≪ L, we found that the inclination angle ι between the
total angular momentum and the Newtonian orbital angular momentum (see Fig. 1) is a 0.5PN correction. Motivated
by this, we expanded the GW polarizations and spin-weighted spherical harmonic modes in a Taylor series in ι
[see Eqs. (3.16), (3.17) and Eqs. (4.17a)–(4.17r)]. Their expressions become much simpler and allow one to extract
interesting physical features of the gravitational waves from precessing binaries.
We found that, in contrast to what happens in the non-spinning case, the hℓm’s are not in general proportional to
e−imΨ. They also depend on the angles ι and α, where ι is the inclination angle of the Newtonian orbital momentum
relative to the total angular momentum and α is the angle between the x-axis and the projection of the Newtonian
orbital angular momentum onto the x–y plane (see Fig. 1). For example, the terms independent of ι are proportional
to e−im(Ψ+α), the terms that are linear in ι are proportional to e−i(m+m
′)(Ψ+α) cosΨ or e−i(m+m
′)(Ψ+α) sinΨ, while
higher-order contributions in ι involve terms of the form e−i(m+m
′)(Ψ+α) cosaΨ sinbΨ, where a, b ∈ N and m′ ∈
−1, 0, 1. In the presence of precession, the angles ι and α vary in time and the different harmonics present in each
of the modes interfere, causing a strong modulation of the mode amplitudes. We also found that, in contrast to
what happens in the non-spinning case, the signal can be largely distributed among modes (ℓ,m) other than the
(2, 2) mode. With our choice of the source frame, when spins are maximal and the binary system has significant
mass asymmetry and/or a large inclination angle, we found that the amplitude of the (2, 0) and (2, 1) modes can be
comparable to the amplitude of the (2, 2) mode, especially during the last stages of inspiral. For the mass ratios we
considered, we found that the ℓ = 3 and ℓ = 4 modes are generally one or two orders of magnitude smaller than the
ℓ = 2 modes. These results are summarized in Figs. 2, 3 and 4, for binaries with mass ratio 1:1 and 4:1, and for two
maximal spin configurations having a small or large inclination angle ι. The ready-to-use time-domain waveforms
for spinning, precessing binaries can be employed for accurate comparisons with numerical simulations of binary BHs
[66, 80, 91–95] and for designing time-domain [63, 67, 69, 70] analytical templates.
Restricting ourselves to spinning, non-precessing binaries, we computed ready-to-use frequency-domain waveforms
in the stationary-phase approximation. We derived 1PN and 1.5PN order spin-orbit effects, and 2PN order spin-
spin (spin(1)-spin(2) only) effects in the frequency-domain GW amplitude [see Eq. (6.14), and Eqs.(D1)–(D21) in
Appendix D]. We also calculated the 2PN spin-spin (including spin(1)-spin(1) and spin(2)-spin(2) effects), and the
2.5PN order spin-orbit effects in the frequency-domain GW phase [see Eqs. (6.22), (6.25) and (6.24)]. For the 2PN
spin-spin terms, we found agreement with Refs. [32, 33]. We wrote the frequency-domain waveforms in a rather
compact way, so that they can be easily used for data analysis and for building analytical frequency-domain [72, 73]
templates.
In the non-precessing case, we found that, through 2PN order, spin effects in the amplitude affect only the PN
corrections to the first and second harmonics. Thus, through 2PN order, spin effects do not yet extend the mass
reach of GW detectors. However, as seen in Figs. 5, 6, they can interfere with other harmonics and, depending
on the spin orientation, lower or raise the signal-to-noise ratio of ground-based (see Tables I, III) and space-based
detectors (see Tables II, IV). We also expect that those spin terms will help in localizing the binary source in the
sky. We leave to a future publication the use of the waveforms derived in this paper to extend parameter-estimation
predictions [15, 45–58, 87, 89] of ground-based and space-based detectors to spinning, precessing binaries.
Finally, we notice that the gravitational polarizations computed in this paper do not include the modification of
the orbital phase evolution at the relative 2.5PN order induced by the flow of energy into the black hole horizons
as explicitly computed in Ref. [96]. As summarized in Table IV of Ref. [96], this effect can cause a variation of the
number of GW cycles at the Schwarzschild ISCO of 3%–24% depending on the binary mass ratio. We postpone to a
future publication the inclusion of those effects.
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Appendix A: Ready-to-use gravitational-wave polarizations for precessing binaries on nearly circular orbits
through 1.5PN order: generic inclination angles
In Sec. III we wrote the GW polarizations
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expanded in the inclination angle ι. Here we give the full expressions. The Newtonian, 0.5PN and 1PN order
coefficients were computed explicitly in Ref. [34], the 1.5PN order coefficients, are computed for the first time in this
paper. They read
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(
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)
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(
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+ cθ
(
− 20745
65536
+
1053c4θ
65536
))
s3ι +
(
− 513cθ
16384
− 2565c3θ
32768
− 729c5θ
32768
)
s4ι
+
( 567cθ
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+
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+
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+ χya
(3
4
+
c2θ
4
)
s3ι sin(3α) + χ
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+ χya
(
− 7s2θ
3
− 10
3
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+ χyac
3
ι
2
(
5
2
− 11c2θ
6
+
(
− 15
2
+
25c2θ
6
)
cι
)
s ι
2
sin(α+ 2Ψ) + χyac
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(cθsθ
64
+
43
128
cθcιsθ +
23
128
c2ιs2θ +
5
256
c3ιs2θ
)
sin(α+Ψ) +
((
− 1− c2θ
4
)
c3ι
2
− 1
4
c2θc
3
ι
2
cι
)
s ι
2
sin(2α+Ψ)
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where sX and cX are shorthand for sinX and cosX , respectively, with X = θ, ι, . . . .
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Appendix B: Gravitational-wave modes for precessing binaries on nearly circular orbits through 1.5PN
order: generic inclination angles
In Sec. IV we wrote the gravitational-wave modes expanded in the inclination angle ι. Here we give the full
expression of the h22, h33 and h21 modes. They read
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Appendix C: Center-of-mass energy and gravitational-wave energy flux
For nearly circular orbits, the center-of-mass energy is known through 2PN order, when spins are present and 3PN
order when spins are neglected. The coefficients entering Eq. (6.18) are [29, 34, 35, 75, 82–86]
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The GW energy flux is known through 2.5PN order for spin effects [29, 30, 32, 33], and 3.5PN order when spin effects
are absent [23]. The coefficients in Eq. (6.19) read
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Appendix D: Frequency-domain amplitude corrections
We give here the complex coefficients C(n)k appearing in the frequency domain non-precessing waveform (6.13). The
lower index in C(n)k denotes the harmonic of the orbital phase, and the upper index denotes the (half) PN order. Since
the different harmonics end at different GW frequencies, the kth harmonic ends at k times the orbital frequency cutoff.
Thus, we introduce step functions Θ(k Fcut − f) to ensure each harmonic ends at its proper frequency. We derive
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